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The  mathematical  theory  of  perfect  information,  zero-sum,  differential  games  is 
used  as  an  analytical  tool  to  learn  as  much  as  possible  about  the  one-on-one, 
air-to-air  combat  problem  and  the  problem  parameters  which  hove  major  effect  on 
its  outcome.  The  primary  emphasis  is  on  differential  gane  Barrier  theory  and  the 
application  of  the  Barrier  as  an  analytical  tool  for  air-to-air  combat  analysis. 

A  series  of  progressively  more  complex  air-to-slr  combat  models  is  developed  and 
solved  in  such  a  way  that  the  solution  results  of  a  given  model  have  direct  input 
to  the  more  complex  model  that  follows  and  learning  from  one  model  to  the  next  is 
accumulative.  The  importance  of  the  Barrier,  its  shape  and  its  sensitivity  to 
aircraft  design  parameters  is  discussed  end  demonstrated. 

Barrier  sensitivity  analysis  of  the  models  shows  that  given  the  opportunity  to 
increase  a  fighter  aircraft’s  air-to-air  combat  capability  with  either  Improved 
turning  gs,  weapons  system,  or  thrust  to  weight  ratio.  Increased  thrust  to  weight 
ratio  yields  the  greatest  improvement  in  this  capability.  Barrier  results  of 
the  model  are  designed  into  a  workable  computational  technique  to  relatively 
evaluate  the  air-to-air  combat  capability  of  a  series  of  fighter  aircraft.  This  is 
the  first  known  practical  application  of  differential  gome  theory  to  an  air-to-air 
combat  problem  of  real  importance  to  the  Air  Force.  A  general  zero-sum  payoff 
function  is  also  developed  which  allows  the  roles  of  the  players  to  be  an 
Inherent  decision  in  the  model  Itself  based  on  terminal  state. 
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The  mathematical  theory  of  perfect  Information,  zero-sum, 
differential  games  is  used  as  an  analytical  tool  to  learn  as  much  as 
possible  about  the  one-on-one,  air-to-air  combat  problem  and  the  problem 
parameters  vhich  have  major  effect  on  its  outcome.  The  primary 
emphasis  is  on  differential  game  Barrier  theory  and  the  application 
of  the  Barrier  as  an  analytical  tool  for  air-to-air  combat  analysis. 

A  series  of  progressively  more  complex  air-to-air  combat  models 
is  developed  and  solved  in  such  a  way  that  the  solution  results  of 
a  given  model  have  direct  input  to  the  more  complex  model  that 
follows  and  learning  from  one  model  to  the  next  is  accumulative. 

The  importance  of  the  Barrier,  its  shape  and  its  sensitivity  to 
aircraft  design  parameters  is  discussed  and  demonstrated. 

Barrier  sensitivity  analysis  of  the  models  shows  that  given 
the  opportunity  to  Increase  a  fighter  aircraft's  air-to-air  combat 
capability  with  either  Improved  turning  gs,  weapons  system,  or  thrust 
to  weight  ratio,  increased  thrust  to  weight  ratio  yields  the  greatest 
improvement  in  this  capability.  Barrier  results  of  the  models  are 
designed  into  a  workable  computational  technique  to  relatively 
evaluate  the  air-to-air  combat  capability  of  a  series  of  fighter 
aircraft.  A  general  zero-sum  payoff  function  is  also  developed  which 
allows  the  roles  of  the  players  co  be  an  inherent  decision  in  the 
model  itself  based  on  terminal  state. 
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V. 


_ Introduction 

Background 

Limited  war  and  its  associated  use  o£  conventional  airpower, 
has  in  recent  years  led  many  researchers  to  study  the  air-to-air 
combat  problem.  To  appropriately  model  this  problem,  many  factors  must 
be  considered.  The  following  list  suggest  a  few  of  the  major  factors 
involved: 

1)  How  many  combatants  are  involved? 

2)  What  is  each  combatant  trying  to  do? 

3)  Uhat  roles  (i.e.  pursuer  or  evador)  do  the  combatants 
assume?  Do  the  roles  change? 

4)  How  much  information  does  each  conbatant  have? 

5)  Based  on  the  info'rmation.  what  strategy  (control  logic) 
should  each  combatant  employ? 

6)  For  a  given  initial  encounter,  what  is  the  outcome 
of  the  combat? 

7)  If  a  particular  combatant  docs  not  like  the  outcome, 
how  can  he  change  the  system  parameters  under  his 
control  to  best  Influence  the  outcome  in  his  favor? 

An  ideal  model  of  the  air-to-air  combat  problem  would  have 
an  analytical  structure  which  would  couple  these  seven  factors 
together.  Such  a  nodcl  could  be  used  to  define  the  air  superiority 
aircraft  and  its  associated  tactics.. 

Many  air-to-air  combat  models  exist  which  attempt  to  simulate 
several  of  the  factors  involved;  however,  their  usual  disadvantage 
is  that  the  control  logic  for  one  or  more  of  the  combatants  is 
assumed  and  not  derived.  As  such,  the  outcome  of  the  combat  or  the 
effect  of  a  particular  system  parameter  change  is  subject  to  the 
question:  "What  if?"  or  "Is  there  a  better  way?",  etc. 
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The  mathematical  theory  of  zero-sun  differential  games,  as 
developed  by  Isaacs  £  7 ]  in  1954,  is  an  analytical  tool  which  models 
systens  with  conflicting  objectives.  It  can  be  likened  to  an  optimal 
control  problem  with  two  players  -  one  choosing  controls  to  maximize 
a  payoff  and  the  other  choosing  controls  to  minimize  the  payoff.  As 
such,  the  control  logics  of  the  game  are  derived  to  optimize  the 
outcome  and  are  not  an  input  variable  when  assessing  the  effects  of 
system  parameter  changes.  Therefore,  the  mathematical  theory  of  zero- 
.sun  differential  games,  as  intoduced  by  Isaacs,  does  possess  an  inherent 
mathematical  structure  that  couples  factors  2,  5,  6  and  7  for  two 
combatants.  In  actuality,  there  Is  a  broader  theory  of  differential 
games  called  nonzero-sun  differential  ganes  (sec  Starr  [14]  and  Leath3m 
[8])  which  involves  factor  1  (i.e.  more  than  two  players)  and 
stochastic  differential  game  theory  which  Involves  factor  4  (i.e. 
games  with  incomplete  information).  Chapter  IX  of  this  dissertation 
examines  factor  3,  i.e.  role.  Thus,  the  math  theory  of  differential 
games  is  capable  of  coupling  the  major  factors  involved  in  the  air-to- 
air  combat  problem. 

Even  though  the  math  theory  of  differential  ganes  does 
possess  the  desired  analytical  structure  and  great  promise  for 
problems  with  systens  in  conflict,  the  facts  arc,  however,  that  it  is 
little  used  today  as  a  practical  analysis  tool  for  such  problems. 

What  then  arc  the  reasons  for  the  apparent  failure  of  such  a  powerful 
analysis  tool?  Isaacs  [7:2]  suggest  two  reasons.  One  is  the  increased 
difficulty  of  the  oroblcn  when  an  opposing  player  is  added.  The  second 
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reason  is  thit  the  theory  abounds  with  general  theorems  usually 
of  the  highest  calibre  mathematics,  but  of  very  little  use  in 
obtaining  answers  to  practical  problems.  Since  Isaacs  book,  much  work 
has  been  done  in  practical  techniques  to  solve  the  differential  game, 
e.g.  Roberts  [13].  But  even  these  techniques  have  not  been  brought 
to  the  point  of  real  practical  application. 

Dissertation  Purpose 

The  researches  of  this  author  have  led  him  to  add  a  third 
reason  to  Isaac's  list.  Of  the  problems  that  can  be  solved,  however 
simplified,  and  of  the  techniques  and  concepts  that  exist,  little 
or  nothing  has  been  done  to  show  how  and  where  they  can  be  practically 
applied.  To  this  end  the  purpose  of  this  dissertation  is  devoted. 

This  dissertation  concerns  itself  with  one-on-one,  air-to-air 
combat  models  employing  zero-sum  payoff  and  perfect  information. 

The  technique  of  "dynamic  modelling"  employed  by  Othling  [11]  and 
inherently  suggested  by  Isaacs  [7]  is  used  to  progressively  complex 
the  air-to-air  combat  model  and  to  learn  the  influence  of  the  added 
realism  on  the  solution.  As  will  be  shown,  the  models  arc  developed 
in  such  a  way  that  the  solution  results  of  a  given  model  have  direct 
input  into  the.  more  complex  models  that  follow.  In  this  way  the  models 
build  on  one  another  and  learning  from  one  model  to  the  next  is 
accumulative. 
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Dissertation  Contributions 


The  original  contributions  of  this  dissertation  arc:  1) 

The  Barrier  results  of  a  three-dimensional  model  are  used  in  a  new 
technique  to  realistically  and  numerically  rank  fighter  aircraft  in 
terminal  combat  throughout  the  flight  envelope.  The  technique  was 
used  by  AFFDL  in  the  recent  Light-weight-Fighter  proposal  evaluation. 
This  is  the  first  known  practical  application  of  differential  games 
to  the  air-to-air  combat  problem.  2)  The  concept  of  a  differential 
game  Barrier,  as  developed  by  Isaacs  17],  is  brought  to  usefulness  by 
recognizing  the  importance  of  its  existence,  shape,  and  sensitivity 
to  aircraft  parameters.  This  research  is  vitally  important  ir.  recog¬ 
nizing  those  parameters  which  have  major  effect  on  combat  outcome, 
and  therefore  help  to  define  the  air  superiority  aircraft.  3)  The 
field  of  optimal  control,  in  general,  receives  much  criticism 
because  the  results  of  the  method  are  often  obtained  by  the  use  of 
very  basic  payoff  forms  such  as  minimum  time,  minimum  fuel,  etc. 

The  same  problem  exists  in  differential  games  i.e.  what  payoff  form 
really  models  the  air-to-air  combat  problem?  In  this  dissertation, 
a  realistic  general  purpose  zero-sum  payoff  is  developed  for  the  first 
time  that  allows  different  roles  to  be  assumed  by  each  of  the  players. 
Tills  is  done  by  simply  selecting  constants  in  the  payoff  function. 

The  importance  of  tills  payoff  is  demonstrated  by  its  use  in 

air-to-air  combat  role  decision-a  problem  of  air-to-air  combat 

yet  to  be  solved  by  any  technique.  Its  use  in  the  combat  role  decision 


logic  of  a  simple  air-to-air  combat  model  Is  demonstrated. 

Guide  to  Chapters 

Chapter  II  presents  a  summary  of  the  mathematical  theory  of  zero-sum 
differential  games,  the  "Isaac's  approach”  to  differential  games,  and  the 
Isaac's  Barrier  theory.  In  this  chapter  the  nature  and  Importance  of  the 
Barrier  Is  discussed  which  Is  the  basic  motivation  of  the  dissertation. 

A  major  portion  of  the  dissertation  (Chapters  III,  IV,  VI,  VIII) 
concerns  Itself  with  the  application  of  the  theory  in  Chapter  II  to  a 
aeries  of  progressively  more  complex  air-tc-air  combat  models  -  i.e. 
"dynamic  modelling".  In  each  model  chapter,  the  following  approach  Is 
used: 

1)  Set  up  the  problem 

2)  Apply  the  necessary  conditions  of  Chapter  II 

3)  Solve  the  problem  backward  from  the  terminal  surface  and 
Identify  the  control  singular  surfaces 

4)  Apply  the  necessary  conditions  for  the  Barrier  and  solve  for 
the  Barrier 

5)  Examine  the  model  parameter  relationships  that  cause 
Interesting  cases  of  Barrier  closure 

6)  Examine  the  sensitivity  of  the  closure  conditions 

7)  Draw  conclusions  from  1-6 
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Chapters  III,  IV,  and  VI  are  model  chapters  that  follow  the  above 
pi. in.  Chapter  VIII  is  also  a  model  chapter,  houever,  its  main 
purpose  is  to  evaluate  the  first  order  effects  of  variable  velocity 
magnitude  on  the  problem. 

Interspersed  in  the  model  chapters  are  Chapters  V  and  VII  which 
apply  the  model. results  to  a  real  Air  Force  problem  -  the  relative 
evaluation  of  fighter  aircraft. 

In  the  process  of  solving  the  models  in  Chapters  III,  IV,  VI  and 
VIII,  certain  deficiencies  were  noticed  in  the  fixed  roles  that  were 
assigned  to  the  combatants.  This  deficiency  led  to  the  development 
of  a  general  purpose  payoff  and  its  use  in  the  role  decision  logic  of 
a  given  model.  This  work  is  presented  in  Chanter  IX.  As- will  be  seen, 
the  Barrier  plays  an  important  function  in  the  role  decision  logic  of 
a  model. 

Chapter  X  summarizes  conclusions  of  the  dissertation  and  makes 
recommendations  for  i_,rther  work. 
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II.  Differential  Cane/Barrier  Theorv 


The  air-to-air  combat  nodelb  treated  in  this  dissertation  are 
modeled  as  zero-sun,  perfect  inforcation  differential  genes .  The 
purpose  of  this  chapter  is  to  mathematically  define  this  class  of 
differential  gaces,  to  summarize  vhat  this  author  calls  the  "Isaacs 
approach",  and  to  define  the  Barrier  mathematically  with  its  associated 
implications.  The  mathematical  conditions  summarized  in  this  chapter 
pan  be  found  in  Deferences  [1],  [2],  [4],  and  [7].  Throughout  this 
chapter  classical  control  theory  terminology  is  used,  ofte.n  followed 
by  a  parenthetical  expression  showing  Isaac's  terminology. 

Zero-Sum.  Perfect  Information  Differential  Garres 
1.  Problem  Formulation:  ' 

The  state  equations  (kinematic  equations)  defining  the  dynamic 
systems  of  the  combatants  are 


k  =  i:  (i.u.y.t)  ;  *«:„)=  x.e 


where  X  is  an  n-vector  of  states,  JJ  is  an  m-vector  of  player  1  (P) 
controls, V  is  a  p-vector  of  player  2  (E)  controls  and  t  is  the  scalar 
time.  The  initial  conditions  are  Ho  at  t0  .  The  control  vectors  nay 
be  subject  to  inequality  constraints  of  the  form 


B  Csi,^)  >  2. 


/• 


DS/MC/73-l 


where  is  an  r-vector.  Ine  goal  of  the  players  it  to  find  the 

controls  u*  and  v*  chat  satisfy  Eq  (2.2)  and  produce  a  final  state  X.(fy) 
so  that  a  k-vector  of  terminal  conditions,  ,  (terminal  surface,  £  ) 

is  satisfied 

HJ  L  =  -  (2*3) 

and  such  that  the  scalar  payoff 

J  =  +  )  Lt2i,v£,y,t)Jt  (2.4) 

to 

satisfies 

J (  U*  V.)  £  J\  Vi*  y*)  .  (2.5) 

ij>  is  a  smooth  scalar  function  defined  on  . 
jp  and  L  are  assured  to  have  all  partial  derivatives. 

If  U  and  y  can  be  found,  the  pair  of  controls  is  called  a 
saddle  point  of  the  gar.e,  for  obvious  geometric  reasons  in  Eq  (2.5),  and 
J( O* ,  y*  )  is  called  the  value  of  the  game.  As  defined  in  Eq  (2.5), 

P  (the  pursuer)  is  minimizing  J  and  E  (the  evader)  is  maximizing  J. 

It  is  the  nature  of  Eq  (2.5)  that  if  E  does  not  pfcv  the  saddle  point 
strategy  v1*,  p  will  be  able  to  reduce  J  below  J(  ySi,  y*}  and  gain 
ari  advantage  never  to  be  recovered  by  E.  Likewise  E  can  increase  J 
above  J(  y*  ,  y  )  if  P  does  not  play  o  .  The  loss  in  J  of  the  non- 
optimal  player  becomes  the  gain  of  J  to  the  optimal  player,  hence  the 
name  zero-sum  payoff.  Perfect  information  cones  from  the  fact  that  each 
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player  knows  the  exact  state  of  the  game  and  the  goal,  capability, 
and  limitations  of  the  other  player. 

2.  Necessary  Conditions: 

In  the  necessary  conditions  that  follow,  the  existence  of  a  J 
saddle  point  solution  is  assumed.  If  U  is  the  class  of  o.  controls 
satisfying  Eq  (2.2)  and  V  is  the  class  of  v  controls  satisfying 
Eq  (2.2),  i.e.  they  are  admissible  controls,  then  a  necessary 
condition  for  the  existence  of  the  J  saddle  point  is 

min  mil  X (  u  v  )  —  ma*  win  y. , y) 

y«U  w«V  v< V  wtU 

A  necessary  condition  for  a  saddle  point  of  J  is  that  the  Hamiltonian 
defined  by 

W(s.,u.,y,Xit}  =  Xt£  -+■  L 

be  minimized  over  U  and  maximized  over  V  i.e. 

* 

H  -  mCo  max  M  =  max  rvn.r'  H 

ufeU  yeV  wcV  ii€U 
X  is  an  n-vector  of  costates  that  satisfies  the  costate  differential 
equation 


.  r 
X.  = 


(2.9) 


9 


J3S/MC/73-1 


The  transvers3lity  conditions  at  "fc^  are  given  by 


where 


xTctA  -  v§| 


(2.10) 

(2.11) 


(2.12) 


and  e  is  a  constant  k-vector  to  be  determined.  It  can  further  be 
'shown  that 


(2.13) 


so  if  H  does  not  envolve  t  explieity,  then 

HUi)  s  constant  »  •,  -3^/at^.  . 

Eq  (2.8)  requires  that  the  minimization  and  maximization 
operations  commute  which  in  general  is  not  true.  It  can  be  shown, 
however,  that  if  the  II  function  can  be  separated  into  a  function  htp 
not  involving  jf  and  a  function  He  r.ot  Involving  y  ,  i.e. 


H(&  ,y,v,  Xft)  =  HpC  x.,  y.,  X-t)  +  H£C  x  ,y ,  X,,t)+-  i) 

(2.15) 

then  Eq  (2.8)  is  satisfied  and  a  sa  die  point  of  K  does  exists. 
Unfortunately,  the  existence  of  a  saddle  point  of  li  does  not 
necessarily  imply  a  saddle  point  of  J.  Other  procedures  nust  be 
used  to  insure  that  a  candidate  solution  of  Eq  (2.8)  does  indeed 
satisfy  Eq  (2.5). 

10 
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In  many  cases,  and  very  often  in  simplified  models,  a  control 
variable  c  will  appear  linearly  in  H.  If  the  function  3H/gc 
happens  to  be  zero  for  a  finite  time,  then  in  effect  H  is  independent 
of  c  and  it  is  not  possible  with  conventional  extremum  techniques  to 
determine  the  C  that  extrenizes  H.  Extremal  solutions  that  have  a 
control  component  such  that  —  0  along  the  solution  are  called 

singular  solutions.  Anderson  [1]  presents  necessary  conditions  for 
singular  solutions  in  two-player,  zero-sun  differential  games.  If  Hc 
is  defined  as  Kt  =  *  then  necessary  coniltions  for  the 

existence  of  a  singular  solution  require  that  Hc  and  all  of  its 
time  derivatives  vanish.  Successive  differentiation  of  Hc  , 
with  appropriate  substitution  of  the  state  and  costate  equations, 
yields  auxiliary  necessary  conditions  such  as  i  t)zo 

HcC>S,X  ,-t)  =■  o  ,  etc.,  which  must  be  satisfied  all  along  the 
singular  arc.  Continued  differentiation  of  Hc  often  leads  to  an 
expression  involving  C  explicitly  which  can  be  solved  for  the 
singular  control  Cs  .  A  necessary  condition  for  the  control  to  be 


singular  is 


The  number  2<^  is  the  order  of  the  Hc  derivative  in  which  C  first 
appears  explicitly.  The  upper  inequality  applies  if  C  belongs  to  P’s 
controls  and  the  lower  inequality  if  c  belongs  to  E’s  controls. 
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3.  Problem  Solution: 

As  can  be  seen  by  the  basic  necessary  conditions  (i.e.  Eqs  (2.1), 
(2.3),  (2.8),  (2.9),  (2.10),  (2.11),  (2.12))  the  solution  of  the  posed 
differential  game  requires  the  solution  of  a  two  point  boundary  value 
problem  (TPBVP) .  This  is  usually  done  on  a  high  speed  digital  computer 
using  sophisticated  numerical  techniques.  The  fora  of  these  computer 
solutions  is  such  that  for  a  given  initial  state  XQ  ,  the  control 
vectors  will  take  the  form 
y*= 

(2.17) 

Eqs  (2.17)  are  referred  to  as  open-loop  controls  and  are  optlnal 
only  for  the  starting  position  and  assuming  that  both  players 
continue  to  play  optimally.  In  order  to  know  the  solution  for 
another  or  to  take  advantage  of  the  inequalities  in  Eq  (2.5), 
when  eithe’-  p 1  aver  plays  non-optimally,  the  control  vectors  must  have 


o*  =  Of.*,*) 


M 


y.  =  v(g,t) 

Eqs  (2.18)  are  referred  to  as  closed-loop  controls.  In  order  for 
differential  games  to  have  real  time  application  in  an  actual 
air-to-air  engagement,  the  optimal  controls  or  approximate  optimal 
controls  must  have  the  closed-loop  form.  It  should  be  noted  that 
finding  the  open-loop  solution  for  all  initial  states  of  Interest  is 
equivalent  to  closed-loop  control. 
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The  Isaac's  Approach 


Several  major  concepts  and  an  underlying  theme  pervade  Isaac's 
book  vhich  this  author  chooses  to  call  the  "Isaac's  approach". 

1.  Isaac's  Problem  Formulation: 

Isaacs  begins  in  Chapter  I  by  developing  the  concept  of  an 
n-dimensional  state  vector  X,  vhich  is  an  element  of  a  playing  space, 

*  •  I  is  defined  as  sore  subregion  of  Euclidean  n-space.  The 
vector  is  known  by  both  players  so  complete  information  is  assumed. 

He  envisions  the  game  terminating  on  a  smooth  n-1  dimensional  surface, 

"p  ,  vhich  is  taken  as  part  of  the  boundary  of  Ip  .  In  terms  of  the 
previous  section.  It  has  the  value  one  (1).  He  justifies  this  single 
scalar  terminal  constraint  from  two  points  of  view.  The  first  is  that 
termination  on  a  physical  surface  surrounding  ?  makes  sense  in  terns  of 
relative  position.  A  locus  of  positions  surrounding  P  is  described 
by  one  scalar  equation.  The  second  is  practically;  i.e.,  it  is 
easy  to  solve  this  differential  game  backwards  since  all  the  states  and. 
costates  will  be  known  on  £  . 

Isaacs  then  discusses  the  problem  of  controllability  in  his  own 
unique  vay.  He  distinguishes  between  the  "game  of  kind"  vhich  addresses 
the  question:  can  termination  be  achieved  at  all?  and  the  "game  of 
degree"  where  there  are  a  continuum  of  outcomes  and  ve  are  interested 
in  terminating  in  some  "best"  way.  It  is  the  game  of  kind  that  later 
leads  to  the  concept  of  a  differential  game  Barrier. 


K- 


I 
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In  Chapter  II  he  presents  the  concept  of  a  "reduced”  playing 
space  £  .  This  Is  a  space  where  the  states  are  measured  relative 
to  F  and  results  in  a  playing  space  of  lower  dimension  which  is  easier 
to  visualize.  As  will  be  shown,  it  also  has  more  meaning  for  the 
players  actually  involved. 

Instead  of  characterizing  with  a  single  scalar  equation,  he 
chooses  to  describe  this  n-1  dimensional  surface  in  with  n 
equations  involving  n-1  parameters  Su  l.e. 

*1  =  M  si-,  S*  ,•  *  *  .  Vs  )  £  hxl  £> 


xl  =  hLCslisJl--*,sn.1)=  htC2> 
x„=  h„CsliS2(-  ■•,s„.1hhI1(«) 


In  his  devclopnent,  Isaacs  never  lets  t.  appear  explicitly.  If 
t.  is  involved  explicitly,  he  adds  one  more  state  equation 


<2‘20> 

ana  increases  the  dimensionality  of  £  by  one  (1).  As  such,  Isaac's 
payoff  takes  the  forn 


r'* 

S  -  4-  }  [_(.*,  12.,  lO  < 


1 


€ 


:  «99B 


*x*r£rv  ipz, .  .-?*  ^ 
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For  each  initial  condition,  X  ,  there  is  an  associated  value 
of  the  gane  3"(X  )  .  J  can  be  looked  upon  as  a  function  of  the 

O 

state  X  i.e.  if  the  gane  were  to  be  played  optinally  froa  K  , 
J"(.x)  would  be  the  value  of  the  gane. 

2.  Isaac's  Necessary  Conditions: 

In  the  developnent  of  the  necessary  conditions,  Isaacs  defines 


J*  s  VJGO 

and  "main  equation  1"  (ME1)  is  derived  as 
min  rncxx  f  J\.  fCs.U  v)  4-  Ltk.  U,y)l  -  O 

l_>  v  W  2  -  '  J 


(2.22) 


(2.23) 


where  the  nin  and  max  are  dene  subject  to  the  constraints  on  y  and 
v£  .  Eq  (2.23)  is  the  sane  as  Eqs  (2.7)  and  (2.3).  He  then  substitutes 
the  optimal  controls  o  and  v  into  hq  (2.23)  which  yields 

«Tg  £  (  X  ,  ti*  Si.*)  L  C  2L ,  Ji*  H.+).  =  O  .  (2.2*) 

Eq  (2.24)  is  the  sane  as  Eq  (2.14)  and  is  called  'nair.  equation  2" 
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For  the  terminal  conditions  he  points  out  that  J  evaluated  on  )£  is 

Jl  =$(.5^  .  (2.26) 

£ 


Therefore  on  ^ 


sg* .  i  Jv.  §*»> ,  k. ....... 


Eq  (2.27)  can  be  shown  equivalent  to  the  transversality  conditions 

of  Eq  (2.11).  Eq  (2.27)  contains  n-1  scalar  equations  and  together 

with  ME2  evaluated  on  £  completely  determines  J~x  • 

- 

3.  Isaac's  Problem  Solution: 

Since  for  a  given  x  6  £  ,  Jx  |  Is  known,  Isaacs  solves 

~  S 

the  problem  backward  for  all  X  €  Q  thereby  converting  the  TPBVP 
Into  a  final  value  problem..  This  he  calls  the  "retrogression  orincinle 
Note,  this  is  only  possible  because  has  n-1  dimensions.  Tills 
backward  solution  from  £  ,  not  involving  the  definition  of  unusual 

singular  surfaces.  Is  acs  refers  to  as  the  "solution  in  the  snail". 

The  complete  solution  of  a  differential  game  requires  the  identification 
of  unusual  singular  surfaces  such  as  the  Universal  surface  (sane  as 
the  singular  control  discussed  on  pg  11  ) ,  Barrier  surface.  Dispersal 

surface.  Equivocal  surface  (see  Isaacs  for  the  other  surfaces)  etc. 
Isaacs  refers  to  the  complete  solution  as  the  "solution  in  the  large". 
Isaac’s  Barrier  Thcorv/The  Care  of  Kind 

Isaac's  Barrier  theory  begins  with  the  assumption  that  P*s  goal 
is  to  force  game  termination  (i.e.  force  E  to  cross  )  and  E's  goal 


I 


p.) 


IBF" 


r-f 
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is  to  prevent  game  teraination. 

1.  The  Cane  of  Kind  ."car  )£  : 

Let  IT  be  a  vector  originating  on  ^  ,  normal  to  ,  and 

_  X* . 

extending  into  fe  .  Then  \s  £  (  <  ,  y  _  v  )  represents  the  rate  of 

change  of  state  normal  to  and  away  from  'Q  .  If  X  is  on  or 

Infinitesimally  close  to  ^  and  if  UT-f  >  o  ,  Chen  )£  will  not  be 

penetrated.  If  OfT£<0  then  penetration  of  'Q  will  occur  and  game 

termination.  Therefore,  in  light  of  the  goals  of  P  and  E,  P  wants 

|  <  °  and  E  vanes  vrT£  |  >  O  .  Since  VTt£ 

*<  16  ~  T 
may  involve  the  controls  IJ  and  V  ,  P  should  do  his  best  to  make 

as  negative  as  possible  to  Insure  termination  and  E  should  do  his 

best  to  orevent  this  i.e. 


nntn  max  zT j  (  X  o  v) 

u  v  -  y 


The  sign  of  expression  (2.28)  depends  solely  on  the  X  on  ^  . 
The  region  of  where  (2.28)  is  positive  represents  a  region  where 
E  can  prevent  termination  regardless  of  P's  best  attempts.  Isaacs 
calls  this  region  the  "non-useable  pate  (I-'UP)  of  )£  .  The  region 
of  ij  where  (2.28)  is  negative  rcorcsents  a  region  where  P  can  force 
termination  regardless  of  E's  b*>st  attempts  to  get  away.  Isaacs 
calls  this  region  the  "useable  part"  (UP)  of  £  .  The  states  on 

for  which  (2.28)  is  identically  zero  form  a  curve  on  which 
separates  the  UP  from  the  XUP.  Isaacs  calls  this  curve  the 
"boundary  of  the  useable  part"  (BUP).  Its  significance  is  in  that  it 


H 
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divides  ^  into  regions  where  P  can  force  capture  and  where  E  can 
prevent  capcure.  As  will  be  seen,  it  has  major  importance  in  the 
game  of  kind  and  construction  of  the  Barrier. 

2.  Necessary  Conditions  for  a  Scniperrteable  Surface: 

Consider  the  small  portion  of  a  surface  S  (c-1  dimensions)  in 
j*  shown  in  Fig.  1. Isaacs  assumes  that  the  surface  separates  the 
neighboring  space.  The  two  sides  of  the  surface  are  labeled  by  P  and  E. 


Figure  1:  Senipermcable  Surface  (SPS) 

Oefiniticn:  The  surface  S  is  seaipcracable  at  £6Sc  if  3d  yeU  3 

if  y  •  o  then  3  no  v«V  that  causes  penetration  to  the  P  side. 

Similarly  3  a  V  €  V  3  3 

no  otXJ  that  causes  penetration  to  the  E  side. 

Definition:  If  the  surface  S  is  seslpcrmeablc  V  xfS  ,  then  S  is 
said  to  be  scaipcrccable. 

Let  SC  j»  be  a  smooth,  scmipermeablc  surface  and  let  JJf  be  its 
normal  pointing  to  the  F.  side.  Then  by  definition  of  S  semiperraeable 

ma*.  vrT  f  (.  x  ,  o  v )  =  o  .  . 
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Isaacs  refers  to  Eq  (2.29)  as  "pseudo”  ME1.  Substituting  the  scaipenceable 
controls  y  and  v  into  Eq  (2.29)  yields  ''pseudo'  ME2. 


!£Tf  C  *  ,  2 ,  v  )  =  o  . 


On  the  assumption  that  S  can  be  inbedded  in  a  fanily  of  scniperceable 
surfaces  which  fill  a  neighborhood  of  5,  Isaacs  derives  the  following 
differential  equation  for  XT  . 


irT  ~-VC?£r£)  (2.31) 

Sow  consider  a  curved  in  (i.e.  n-2  dimensional  surface  in 
|2  )  characterized  by 
o£>: 

*-L  -  ‘ 


h„C5A,-...Sn.2)  (2.32) 

and  the  problem  of  passing  a  unique  sesipcmcable  surface  through  jD  . 
Sincere  S  .  normality  of  \r  on  <f)  requires  that 


v.  _ 


J  *  JL,  t  r>-2 
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and  since  the  length  of  y  is  arbitrary,  XT  is  nade  a  unit  vector 
by  requiring 


“jp-*  *  «’*> 

Eqs  (2.30),  (2.33),  and  (2.34)  provide  n  scalar  equations  which  define 
U  on  £>  ■  Isaacs  then  proves  the  following  theorem. 

Theorem:  Let  u  and  V  denote  functions  of  J<  and  XT  as  obtained 
from  Eq  (2.29).  For  a  given  curve  J9  ,  let  tfyo  on  be  cefined 
as  by  Eqs  (2.30),  (2.33),  and  (2.34).  Let  X(  V,  Sa  ,  -  •  *  ) 

and  \y  (  T  t  S4  ,  *  *  *,  S02  )  be  integrals  of  the  differential  equations 
(2.31)  and  the  state  equation,  then  x  ( -r  sAi — , ^,.2)  is  the  parametric 
representation  of  a  unique  seniperneable  surface  which  contains  . 

3.  Barrier  Construction: 

As  defined,  the  BUP  on  has  zero  closing  rate  and  can  be  though 
of  as  a  neutral  outcome  where  the  trajectory  just  grazes  .  To 
either  side  of  the  BUP,  E  either  gets  captured  or  E  escapes.  Since 
the  BUP  is  an  n-2  din  curve  on  IfC  j»  ,  Isaacs  constructs  a  SPS  backward 
from  starting  at  the  BUP.  lie  calls  tills  SPS  the  Barrier. 

4.  Barrier  Importance  and  Physical  Interpretation: 

The  importance  of  the  Barrier  can  be  seen  by  the  implications  of  the 
following  observations: 

1)  The  Barrier  is  a  surface  of  state  nosltions  in  ^  that  leads 
to  a  neutral  outcome  for  optimal  Barrier  play  (i.e.  the  Barrier  is 
a  family  of  optimal  escape  trajectories  where  termination  is  just 
prevented) . 
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2)  Because  the  Barrier  is  an  SPS,  it  is  never  crossed  provided 
both  players  know  its  existence  and  play  optimally. 

3)  If  the  Barrier  forms  a  completely  closed  surface  in  ^  , 
it  will  divide  ^  into  two  parts.  The  region  between  and  the 
Barrier  represents  a  capture  region;  the  region  of  outside  the 
Barrier  represents  a  region  of  escape. 

4)  If  play  starts  with  E  outside  the  completely  closed  Barrier, 

E  can  play  n<r*  uniquely  until  the  Barrier  is  reached  at  whim  time  V 
provides  an  escape  strategy  for  E  regardless  of  what  P  does. 

5)  Even  if  the  Barrier  is  not  completely  closed,  its  controls, 
size,  shape  and  sensitivity  to  system  parameter  changes,  are  important 
to  know. 

It  is  instructive  to  note  that  the  method  of  Isaac's  Barrier 
development  finds  its  counterpart  in  control  theory.  Since  every  optimal 
control  problem  can  be  converted  to  one  with  a  terminal  payoff  (i.e. 
a  Mayer  problem) ,  the  terminal  surface  can  be  mapped  with  lines  of  , 

constant  J  payoff  whose  backward  optimal  trajectories  form  surfaces  of 
constant  payoff  (see  isocost  surfaces  in  Leitman  [9]).  The  costatc 
vectors  are  normal  to  these  surfaces.  These  isocost  surfaces  parallel 
Isaac's  SPS  in  that  the  isocost  surface  is  not  penetrated  provided  the 
single  player  plays  optimally.  In  the  event  play  is  not  optimal,  the 
trajectory  moves  off  to  another  isocost  surface  of  higher  J  (in  the 
case  of  a  minimum  problem)  where  the  trajectory  will  remain  provided 
play  remains  optimal  from  there  on. 
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Simplifying  Che  necessary  conditions  of  Che  differential  game 
(i.e.  Eq3  (2.14),  (2.9),  (2.11),  (2.12))  to  the  case  where  L 
yields. 

noun  max  [  ATH  X.U,v)]  =  -a§/3i4:  (2.35) 

u. £U  X.£V  — 

h*  =  -V  [  XT£  (.  x,u,v)]  (2.36) 

X  Ctf^  =  (2,37) 

<£-$-(.  e-^  .  (2.38) 

Assume  now  that  <f>  is  some  terminal  payoff  with  no  terminal  constraint. 
Then  Eqs  (2.35),  (2.36),  and  (2.37)  become  ' 

XT£  C&.H*  =  o  (2.39) 

iT=  -  V[  (.*.&£**)]  <2-40> 

xTct^  =  •  (2.41) 

Now  consider  the  (j>  isocost  surface  associated  with  a  particular 
minimax  value.  Note  that  Eq  (2.41)  Implies  that is  normal  to  this 
isceost  surface  and  that  Eq  (2.29)  at  implies  the  trajectory  just 
grazes  this  surface.  If  <£>  is  specialized  to  be  the  physical  distance 
from  P  to  the  terminal  surface  ,  then  Eqs  (2.39)  and  (2.40)  are 
the  sane  as  Isaac* s  Eqs  (2.30)  3nd  (2.31)  for  the  Barrier.  This  shows 
chat  the  Barrier,  often  solved  for  by  Isaacs,  is  a  family  of  nininax 
distance  trajectories  -  In  particular  the  distance  associated  with  the 
terminal  surface  ^  .  Tnis  particular  Barrier  separates  those 

trajectories  that  can  be  drawn  into  from  those  which  can  not. 
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III.  The  Simplest  Model 

This  chapter  applies  the  necessary  conditions  of  Chapter  II  to 
the  simplest  of  air-to-air  combat  models.  It  is  instructive  in 
that  it  illustrates  the  Isaac's  approach  which  will  be  applied  to  all 
models  in  this  dissertation.  The  model  assumes  chat  the  players  move 
with  constant  velocity  magnitude,  their  controls  (simple  motion  model) 
being  the  angular  orientation  of  their  velocity  vectors.  In  esserce, 
the  model  assumes  that  each  combatant  is  highly  maneuverable.  The  model 
‘is  first  examined  in  two  dimensions.  A  three  dimensional  model  is 
briefly  discussed  as  an  extension  of  the  two  dimensional  model. 

2D  Constant  Velocity 
1.  Problem  Setup : 

The  coordinate  system  used  for  this  model  is  shoun  in  Figure  2. 

The  roles  of  the  players  are  fixed  with  F  pursuing  and  E  evading. 

At  this  point,  this  selection  of  role  is  very  much  intuitive  and 
subjective.  Chapter  9  addresses  the  role  decision  problem  later. 


Figure  2:  2D  Coordinate  System 
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To  make  P  pursue  and  E  evade,  the  payoff  is  taken  as  the 
time  for  P  to  force  E  to  the  terminal  surface  ^  ,  i.e.  L=  1  •  P 

is  minimizing  and  E  is  maximizing.  Note  again  that  the  selection  of 
time  as  the  payoff  is  somewhat  arbitrary.  For  the  moment,  it 
is  simply  a  payoff  that  makes  P  and  E  assume  the  desired  roles.  There 
is  nothing  to  say  that  this  is  the  best  payoff  to  use  to  simulate 
pursuit-evasion  in  a  real  combat  situation. 

The  terminal  surface,  ^  ,  is  assumed  to  be  a  circle  about 

P  at  a  radius  Jl  taken  to  be  the  effective  gun  radius  of  P.  Its 
usual  description  with  Eq  (2.3)  is 


4^  t  i.t'fcf)]  =  (*fc-xP)  +-  (ye-yP)  -  A.  =  o  (3>1j 


^  can  also  be  described  with  Eq  (2.19)  as 

XpC-t*)  =  s±  =  hjs') 


ypt-fc^  =  s2 


=  h.(s) 


=  3,  +-  £si/iS5  =  H3(.s) 

ye(t^  =  s24.  J£  cosss  =  hA(s-) 
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The  state  vector  of  the  Sane  is 

-f| 

-Vs. 

and  the  state  equations  are 


k.  =  rCi,o  v)  =  -  vp s^n ®p 

*£  VE  cos  ©_ 


vp  cos  ©p 


Vescn©eJ 


O  =  ©p 

ee  . 

The  costate  vector  is 

x  =  \P 

xXe 

2.  Application  of  Necessary  Conditions: 
ME!  is 


X“pVPCosep4'  XypVpscn  Sp-*"  V£coS©£4-  Xy  V£sC.n  ©+  lj= 

s  ^©p"Vp[XxPcos V  V,'”ep]+  Ve[^se£+  XVESCr,©J+l= 


=  nncn  J4p+  max  M  t- 1 


©E  E 
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Eq  (3.31)  implies  that  If 
D  Vp>  V£  then  all  of  £  is  the  UP. 

2)  Vp?:  V£  then  all  of  £  is  the  BUP. 

3)  Vp<  V£  then  all  of  JJ  is  the  SUP. 

In  case  1,  all  of  ^  is  useable  for  termination  and  no  Barrier 
exists.  In  this  case  all  of  £  is  a  capture  region;  E  can  not  avoid 
capture  so  long  as  P  uses  the  line  of  sight  control  logic.  Similarly, 
in  case  3  none  of  is  useable  for  termination  and  all  of  ^  is  an 
escape  region  for  E  provided  line  of  sight  evasion  is  used  by  E.  A 
BUP  exists  on  £  only  for  the  special  case  2  where  \L*ve  in  which 
case  all  of  £  is  the  BUP.  The  backward  trajectories  from  the  BUP 
become  the  Barrier  which  in  this  case  is  simply  ^  itself.  Note  that 
the  Barrier  in  this  case  is  a  closed  surface  and  ir.  a  trivial  way 
separates  ^  .  The  Barrier,  y  ,  represents  the  Initial  states  for 

which  the  outcome  of  the  combat  is  neutral.  Outside  the  closed 
Barrier  is  the  escape  region  where  E  can  play  non-optinally  until 
the  Barrier  is  approached. 

5.  Model  and  Barrier  Conclusions: 

Several  things  can  be  learned  even  froti  this  simplest  of  models 
involving  highly  maneuverable  players: 

1)  lr.  this  pursuit-evasion  model,  the  highly  maneuverable  combatants 
want  to  align  their  velocity  vectors  along  the  line  of  sight  P-E. 

2)  The  Barrier  and  the  outcome  of  the  combat  is  critically  linked 
to  the  ratio  of  the  combat  velocities  . 
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3)  In  an  attempt  to  improve  the  conbat  capabilities  of  either 
player,  the  Barrier  results  indicate  that  the  players  should  increase 
their  velocity  advantage. 

3D  Constant  Velocity 

This  model  is  a  trivial  extension  of  the  2D  model.  The 
teminal  surface,  ^  ,  is  a  sphere  of  radius,  Jl  ,  about  P.  The 

closed  form  control  logic  is  again  line  of  sight  fron  ?  to  E.  The 
optical  trajectories  are  straight,  co-linear  lines  in  3D  space.  The 
sane  general  conclusions  aadc  in  the  2D  r.odel  apply  in  the. 3D  nodel. 
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IV.  United  Pursuer  ?!odeI 


The  dynamics  of  the  pursuer  nodel  Is  cede  core  realistic 
by  constraining  him  to  naneuver  his  constar.c  magnitude  velocity 
vector  within  a  bounded  turning  rate,  ©p  . 

For  a  real  aircraft 


0 


P 


acceleration  J.  to 
IVpf 


Therefore,  the  added  realism  of  the  bounded  turning  rate  nodel  in 
actuality  is  recognizing  the  maneuvering  cj'  limits  of  a  real  aircraft 
imposed  by  cither  a  structural  or  human  licit.  The  evader  has  the 
dynamics  of  Chapter  III  so  he  can  be  thought  of  as  highly  naneuverabie. 
The  model  is  examined  in  both  two  and  three  dimensions. 

2D  Limited  Pursuer 
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Isaacs  [7]  solves  this  problem  but  does  not  Interpret  or 
apply  the  model  or  Barrier  results. 

1.  State  Equation  Formulation: 

The  model  dynamics  In  Chapter  III  was  formulated  In  an  Inertial 
coordinate  system  (realistic  j;  ).  The  model  dynamics  here  will  be 
formulated  in  the  reduced  |*  . 

The  reduced  jj  is  the  set  of  orthogonal  unit  vectors  lv  and  1-  x 
fixed  to  P's  position  and  rotating  such  that  is  always  aligned  with 
Yp  .  The  details  of  the  state  equation  formulation  can  be  found  In 
Appendix  A.  The  state  equations  are 


ves.n©£-y.^  i 


vecos©£  -vp  +  x 


X  -  distance  from  P  to  E  along  Xp 
y  -  distance  from  P  to  E  perpendicular  to  Vp 
E's  control;  the  angle  between  Xp  and 
of-  P's  control;  r  -.1  (-l)  Is  a  hard  rlght(lcft)  turn 


t 


^«v  •' 
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and  the  costate  vector  .X  is 


Aa  in  Chapter  III,  the  roles  of  the  players  are  preselected 
by  choosing  ^>:o,L'l  with  P  minimizing  and  E  maximizing. 

3.  Application  of  Necessary  Conditions: 

ME1  becomes 

°*  WW  [  Xx(v6sm©E-Y^~)+  \  (v6cos©e-  Vp+  K^o/)+lJ  = 

(A. 7) 

-  &  Wh  C*  Xy-y  \x  )  +  V£.vio*  (\xSm £>_-(-  Xycos©e)  -  VpXy  +  * 

=  r/n.^  l-f  +  v  wax  M  ^ 

S-  «  p  E  ©E  e  ° 

where 

Hp  =  i,(VYU  * 


*^6  -  Xy-Snn*^-*.  Xycoi ©e  (A. 8) 

=  ~  VpXy+  1 


The  nin  conditions  are 
«  * 

cx^-.  -S^CxXry\x)=.s^A  (A.9) 

provided  A=  *  Xy-y  Xx-=^  o  for  a  finite  tine.  Since  e><  appears 
linearly  in  Mp  •  there  exists  the  possibility  of  a  singular  control  in 
if  ArO  for  a  finite  time.  A  summary  from  Appendix  A  of  the  o/  singular 
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control  necessary  conditions  shows 


4  =  xXy-y  Xx  =  o 

(4.10) 

A  =■  VpXx  =  o 

(4.11) 

A  =  -  =  o 

«P  y 

(4.12) 

•y" 

(V 

0 

(4.13) 

Therefore,  along  a  singular  arc  the  following  conditions  hold 

OK  —  5  X  s  S  ■=  O  , 

(4.14) 

The  max  conditions  are 

S*  We  -  o  =£>  ”t Ge  - 

5®e  Xy 

(4.15) 

_7  ^  \ _  * 

9*4(=  ■=  ^  cose 

Xy 

(4.16) 

a©-  /x7 7x7" 

Jk*+ 

ME2  becooes 

' 

-^elA|  +  vE  xxV  X  *  -''pX  *i 

Rp  1 

-  o 

(4.17) 

The  costate  equations  are 

•  T 

X  =  -  7H  - 


aril 

ax 

2? 

ay 


iv 


c„  * 
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The  transversality  conditions  are  T  X,  3hL{%)  -  3^CS)=  O  j  =  l 

ft,  7>SJ  aSj 

0=1  =s>  X^Ct^-CcoiS  -  s.ins  ^  ©  .  (4.19) 

4.  Problem  Backward  Solution  From  ^  : 

As  Indicated  on  pg  12,  a  closed  form  control  is  needed  for  a 
real  time  application  of  differential  games.  In  the  case  of  the  Barrier, 
closed  form  control  on  either  side  of  the  Barrier  is  needed  to  insure 
that  the  Barrier  is  not  inadvertenly  crossed.  The  backward  solution 
from  the  UP  of  is  analyzed  to  provide  the  closed  form  control  on  the 
pursuer  side  of  the  Barrier.  The  details  of  the  analysis  are  presented  in 
Appendix  A  of  which  the  following  is  a  summary. 

The  controls  on  the  UP  of  are 


&B  Ot.f)  =  S 

(-t()  =  S^n  C S<rvi) 


A  singular  control  in  <*<  occurs  at  ^  for  Szo  and  has  the  following 
necessary  state  and  control  conditions. 


©e  =  O 
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The  singular  surface  in  the  reduced  ^  is  simply  the  y-axis 
and  represents  a  non-turning  direct  tail  chase. 

The  trajectories  and  controls  backward  from  the  UP  of  ^  for 
S>o  (note  ^<o  is  symmetric  about  the  y-axis)  are 

eAr)  =  S+VeT  (4.23) 

KP 

c^*CT)  —  Son  ^  COS  S  -  GOSC  S+  ^jP  T?]  .  (4.24) 


o\  switching  occurs  when 

^t-=2Ctt-s)  .  (4.25) 

Kp 

* 

Prior  to  'c*  switching  the  state  trajectories  are 

xCt)  =  c  A.-V6t)  sin  (s+i?  r)  (.  l-cos  Yp  t  ) 

Kp  p  Rp  (4.26) 

Y(T)  =  (^-vT)tos(.s+^T)  +  .  .. 


As  will  be  seen  later,  the  Barrier  is  completely  closed  for  realistic 

system  parameters  and  the  above  trajectories  intersect  the  Barrier  and 

* 

terminate  prior  to  switching. 

Fig  5  shows  some  of  the  basic  backward  trajectories  and 
controls  (neglecting  the  Barrier)  in  both  the  reduced  and  realistic  ^ 
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For  nost  of  the  initial  states,  E  orients 
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Figure  5:  2D  Limited  Pursuer  Trajectories  &  Controls 

Vg_  tangent  to  P's  circular  path  which  is  a  fixed  angle  in  the 
realistic  ^  and  travels  in  a  straight  line.  P  does  a  hard  right  turn 
until  E  is  directly  down  the  line  of  sight  along  Xp  at  which  tine  P 
switches  to  the  singular  control  o<=oand  the  remainder  of  the  trajectory 
is  a  direct  tail  chase.  Now  wc  oxanine  the  Barrier  and  its  influence 
on  the  solution  of  the  game. 

5.  Barrier  Backward  Solution  From  : 

As  in  Chapter  III  we  first  examine  ^  and  find  the  UP,  NUP,  and  BUP. 


VJ 


miiiii  iih 


v,^,»  » 
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S'* 


Define  U"  as 

% 


III  -f^]  a  ^ 

^  KJ  ** 


(*.28) 


The 


normality  condition  of  IT  on  ,  2.  Slh^CSJ )  _  0  j=l 


‘■-1  9S: 


yields 


ooss-  tfy  C-t^)j£  SLn  S  =  O 


.The  unit  vector  condition  implies 

(  o-A  ix/))^=  1 

Eq  (4.29)  and  (4.30)  yield 


(4.29) 


(4.30) 


(4.31) 


*1  4^] 

Expression  (2.28)  becomes 

moCn  wait  oT$  =  m^n  max  |  O'  (  v/c.  si n  ©_  -  vf>  )  + 

u  V  -  Ic.  O*  Q  _  L  ^  b-  E.  "H"  '  ' 


C  Ve  COS  ©e.-Vp-*-23?x<*)]  =. 

Er.  d 


(4.32) 


=  ''"i"  C  Xffy-  V  -+-  v  max(ir  sin  0  XT  cos  ©,)  -V_ai 

o  o<  i  *-  q  *  e  y  =•'  p  y 


The  similarity  of  Eos  (4.32)  and  (4.7)  show  that 

*  =  ~  S^nOOv-yO-*) 


(4.33) 


SI  VO  £?E  = 


./o'**-*-  vrY2 


,  CO*  ©E  = 


/< 
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Substituting  Eq  (4.33)  into  Eq  (4.32)  yields 

motn"?*  2Ti|,=  -£  IxVytf-J  + 

—  —  ^  Kp  - - - - — 

Substituting  Eqs  (A *3)  and  (A. 31)  into  Eq  (A.3A)  yields 


rntn  max 
o  v 


2TV|^=  v£-vpcois  . 


Eq  (4.35)  and  the  definition  of  the  UP,  NUP  and  BUP  implies  that  if 


1)  coss<  'v'§_ 


Sfe  op 


?a 


2)  cosS  =  Ve  =j>  Sfe  BUP 


3)  cos  S  >  =5.  :>£  WOP 

VP  ( 

If  we  define  SQ=  cos  then 

V. 


1)  -s0<$<:  -s, 


S=>  UP 


I 

I 

I 


2)  S  -  +S0  =>  BUP 

3)  1 5>  I  >  -S0  =5,  MOP 

If  Eq  (4.32)  is  equated  to  zero  it  becomes  pseudo  HE1.  Eqs  (4.33) 
are  the  Barrier  controls  and  Eq  (4.34)  equated  to  zero  is  pseudo  ME2. 
The  costate  Eq  (2.31)  for  the  Barrier  takes  the  same  form  as  Eq  (4.18) 
except  that  ^  is  replaced  by  cT  i.e. 


O'  =  _ 


ZE  tf,o( 


Wau*»  i.  wii'i  j«V  * 


W- 


& 


u 


e 


fo*tf>*i‘*V*t*-*>'*  *•  -*<>>*i>-44*>v«  4.^v«.-  >-i*s»,*jgY~Kt^ i-  '  V>rw-  *■  -**«-'’ *Vv*.  •»; 
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The  state  equations  and  Eq  (4.36)  ate  now  Integrated  backward  iron 
the  BUP  on  to  Ret  the  Barrier.  In  doing  this  it  is  instructive  to 
note  that  the  state,  costate  and  control  equations  (l.e.  Eqs  (4.1), 

(4.18),  (4.9),  (4.11))  for  the  UP  of  ^  have  the  sane  forn  as  the 
state,  costate  and  control  equation  (i.e.  Eqs  (4.1),  (4.36),  (4.33)) 
of  the  Barrier.  Hie  state  boundary  conditions,  Eq  (4.3),  have  the 
sane  fora  except  in  the  case  of  the  Barrier,  S  is  specialized  to  S0  . 
The  costate  boundary  condition  Eqs  (A. 17)  and  (4.31)  are  similar  except 
in  the  latter  case  VpcosS  —  VE  does  not  appear  and  S  is  specialized 
to  S0  .  Even  though  the  backward  trajectories  of  Eqs  (4.26)  and  (4.27) 
are  quite  different  from  the  Barrier,  the  backward  solution  of  the 
Barrier  equations  take  the  sane  general  forn  as  Eqs  (A. 32),  (4.23),  (A. 36) 
(4.26),  (4.27),  i.e. 

u-^tr)  =  SI  n  (.  Sc  +  YS.  T ) 


(4.37) 


U"VCT)  =  COS  (  S0-S  Vf>  T-) 


Rp 


Q- CT)  ^  S.+  Vpr 


(4.38) 

(4.39) 


ACT)  =  xo-y-YO-*  = -i?p[coss0-cosCV— T)]  (4. 


40) 


x(r)=:  (  £-  vet )  sin  (s0-t- ^lt)  +■  i?p  Cl-  cos  r )  <4.4i) 


Rp 


y(T)=  C-£-veT)  cos(s0+ ¥pt)  ■+  *?pSin  Vp  T  _  (4_ 


42) 
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6.  Barrier  Interpretation: 

Note  from  Fig  6  Chat  the  Barrier  throat  always  occurs  when 


This  is  easily  seen  in  Fig  6,  but  can  also  be  obtained  from  Eq  (4.41) 
as  a  condition  to  make  K  =  o  .  Substituting  Eq  (4.43)  into  Eq  (4.42) 
yields 


ytw=  ePsm<-T!>-0  =  ep“*s0  -  Rp^p  -  (4*44) 

Since  the  left  half  of  the  barrier  is  symmetric  abcut  the 
Y-axia,  the  condition  for  complete  Barrier  closure  is  for  any  portion 
of  the  right  Barrier  to  have  negative  X  l.e. 

1?pSinS0-JJ-»-  Rp  .  (4.45) 

VT> 

Since  cos  S0  =  V£  then 

S,OSe,=  /K%f  (4-4W 

and 


=>'»7  C^-^o)  -  COSS0  - 

implying 

■%-s°  ^  sm_,v54  * 

Rearranging  Eq  (4.45)  and  dividing  by  t-?p  yields 


(4.47) 


(4.48) 


%  ^  i'- 


s.o'Y^V  i  . 

Vp  ^  Vp' 


(4.49) 
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Defining 


*(£> 


K*)  =  •-(%)* 


VE 


sm 


C£) 


(4.50) 


Eq  (4.49)  becones 


4-  *  H4>  • 


W.51) 


The  equality  in  Eq  (4.51)  corresponds  to  the  case  uhere  the  Barrier 
Is  tangent  to  and  just  touches  the  Y-axis .  For  jR—  <  » 

f?p  vp 

closure  of  tlie  Barrier  at  the  Y-axis  is  not  grazing  and  occurs  for 


S <  -%  . 


If  We  assume  JL-  <  -f  (■—  )  and  define  ©c  as  that  value 


of  Vg  T  for  which  X  ■  0,  then  the  time  of  closure  't\  is 

KTp 

%_  -  &CEZ 

Vp 

Substituting  Eq  (4.52)  into  Eq  (4.41)  with  X  •  0  yields 


(4.52) 


°  "  ^,RP®c)sinC,Sc,+  ©t>-v  «p(l-  Cos©cV  (4.53) 

Dividing  Eq  (4.53)  by  Ep  and  rearranging  yields  the  closure  condition 
when  ©t  i.  "5£  —  S0  ,  i.e. 


Ve  q  _  JL  -  Cos  0c 
Vp  ‘ 


(4.54) 


eP  Vp  "■  Si  vs  C.S0+et) 

Substituting  the  definition  of  Qc  into  "pseudo"  ME2,  Eq  (4.34),  and 

using  Eqs  (4.37)  and  (4.38)  yields 

-  Vp  j  ~yc sir*CS0+  ©jj  +  V£- Vpc.osCs^+Oe) -o.  (*-55> 


i  | 

)  * 
■y  S 
^  * 
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Since  Yc>0  and  sin  (  Set-  ©c  )>  O  ,  rearranging  Eq  (4.55)  yields 
=  [V^C>~  -^^©j]/sinCs0+©J  (4-S6) 

which  can  be  used  to  get  Vc  for  given  ©  .  Figure  7  is  a  plot  of 
S?P 

O 

Eq  (4.54)  for  lines  of  constant  S -+■  ©c- *20  «  Superinposed  on  these 

lines  are  lines  of  constant  . 

fpp 

He  now  use  the  Barrier  and  its  closing  conditions  in  Fig  7  to  learn 

as  much  as  possible  about  the  air-to-air  coabat  problcn  and  the  problea 

parameters  which  have  major  affect  on  its  outcome.  Consider  a  coabat 

engagement  where  P  is  at  Mach  $  *  .8  at  30000  ft.  altitude  (i.e.  Vp  -  800 

ft/sec).  He  assume  that  P  maneuvers  with  a  maximum  load  factor  of  5  gs. 

The  800  ft/sec  velocity  and  5  load  factor  together  yield  a  turning 

radius  Rp  »  4000  ft.  We  further  assune  that  under  these  conditions. 

P's  guns  can  effect  a  kill  at  a  radius  SL  "  1000  ft.  Since  »  .25, 

f?p 

Fig  7  shows  that  in  order  for  P  to  insure  that  the  Barrier  is  not  closed, 
he  aust  have  sufficient  velocity  advantage  so  that  .69. 

This  is  quite  a  large  advantage  to  assume  P  to  have.  In  a  more  realistic 
situation  we  might  expect  P  to  have  a  velocity  advantage  —  .85  -  .95 

Vp 

which  implies  that  the  Barrier  is  closed.  Mote  how  the  added  realism  of  P's 
model  has  limited  his  capability  as  compared  to  the  simplest  model  in 
Chapter  III  where  the  only  requirement  for  capture  was  Vg  <  1.  We 

Vp 

therefore  see  that  for  a  combat  engagement  with  realistic  parameters  (against 
a  highly  maneuverable  evader),  the  Barrier  is  completely  closed. 
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Faced  with  P's  United  capability  and  a  closed  Barrier,  ue  are 
interested  in  the  best  way  to  improve  P's  air-to-air  conbat  capability. 
Any  of  the  following  three  improvements  snould  increase  P's  combat 
capability:  1)  increase  Vp  ,  2)  increase  SL  (i.e.  weapons  system 
capability),  3)  decrease  the  turning  radius  (i.e.  higher  gs). 

To  make  this  decision,  we  assume  that  the  area  of  the  capture  region  is 
a  good  measure  of  P’s  air-to-air  conbat  capability.  A  closed  Barrier 


is  shown  in  Fig  8. 


Figure  8:  Closed  Barrier 

The  area  of  the  capture  region,  Ac  »  is  approximated  by 

/\c=  ytis.nsB  =  (4‘5r) 

where  the  ^  relationship  is  given  in  Fig  7.  The 

nominal  condition  JL-  ■  .25,  *■  .9,  J2.  ■■  1000  ft  and  = 

RP  ’  vp  ’  P 

800  ft/sec  is  assumed  and  the  gradient  of  Ac  is  given  in  Eq  (A. 58). 


m  - 


I 

s- 


V 


->•  •  rnwtfyiH*  k*. 
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Eq  (4.60)  shows  the  overriding  Influence  of  Vp^ie.^M  )  on 
P's  combat  capability.  This  result  suggests  that  an  increase  of  Vp 
inhances  P's  combat  capability  more  than  corresponding  Improvements  in 
the  weapons  system  or  turn  radius.  It  should  be  noticed  that  the  tip 
of  the  Barrier  is  located  at  yc  -  .313  x  4000  -  1250  ft  in  front  of  P 
and  E's  velocity  angle  off  at  the  tip  to  effect  the  escape  is 
©E=  S0+  ©c  •  47*.  Inside  the  Barrier,  E's  optimal  velocity 
angle  off  is  much  smaller  (l.e.  less  than  10*)  and  indicative  of  a  tail 
chase  maneuver.  This  discontinuity  of  E's  control  across  the  Barrier 
is  a  characteristic  of  the  Barrier. 

7.  Model  and  Barrier  Conclusions: 

1)  The  simplest  model  showed  that  for  P  to  guarantee  capture, 

all  that  was  needed  was  for  Mb/  <  1  .  P's  dynamics  was  made  more 

VP 

realistic  in  the  present  model,  in  that  P  was  limited  in  turn  capability. 

For  realistic  P  model  parameters,  and  Vg  <1  ,  the  Barrier  closes  within 

VP 

P's  visibility  range  and  much  of  the  state  space,  {»  ,  is  outside  the 
Barrier  and  unavailable  for  capture  of  E  by  P.  The  main  observation 
to  be  made  here,  is  that  the  effect  of  P's  limited  turn  rate  on  his 
combat  capability  (note  one  vould  expect  this  to  decrease  his  capability) 
is  reflected  in  the  Barrier  capture  area  as  a  numerically  measurable 
decrease. 

2)  In  this  pursuit-evasion  model,  the  combatants  are  still 
attempting  to  align  their  velocity  vectors  along  the  line  of  sight 
P-E;  however,  the  optimal  control  laws  to  do  this  have  been  refined 
by  the  added  parameters  in  the  problem. 
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3)  Sensitivity  analysis  of  the  Barrier  continues  to  show  that 
2^  is  the  cost  important  parameter.  The  weapons  capability  is 
next,  followed  by  the  turn  radius  . 

3D  Limited  Pursuer 

This  model  development  is  original  work.  The  intent  in  studying 
this  model  is  to  begin  to  reveal  what  the  out-of-plane  optimal  maneuvers 
are  and  how  they  affect  air-to-air  combat. 

1.  State  Equation  Formulation: 

The  coordinate  system  for  this  model  is  shown  in  Fig.  9. 

P  maneuvers  by  selecting  the  magnitude,  ®<  ,  of  his  transverse 


J4&*  •v^"/-^*-»  *«-*■«»* 
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acceleration  and  its  clock  angle  orientation,  <J>  .  The  added 
complexity  of  this  model  is  that  P  must  not  only  select  the  magnitude 
of  his  transverse  acceleration  but  also  the  bank  angle.  E  continues 
to  maneuver  by  selecting  the  orientation  of  V£  through  the  direction 
cosines  (I,  ns  ,  n  )  which  are  relative  to  the  x  ,  y  ,  *  axes  system. 
The  model  dynamics  is  formulated  in  the  reduced  j»  i.e.  (  x  ,  y  ,  i  ). 
The  details  of  the  state  equation  formulation  can  be  found  in  Appendix  A. 
The  state  equations  are 

x  V£  5  —  <x  y  cos.<j> 

y  =  Vem  -  vp +-  ( xcoscJ>+ -Z:S.in(j>)  (4.61) 


VEn  —  oi  y  •&!  n  <j> 


o  -  4>  £  2TT  t  o  £  £  1 


-1  _»  _i 

H.+  on  =  1 


2.  Problem  Setuo: 


The  terminal  surface,  ^  »  is  assumed  to  be  a  sphere  about  P 

of  radius  J?  -  Its  usual  description  with  Eq  (2.3)  is 

4*  =  *.«*)  +-  y\)  +  i\t+)  -  =  o  ,(A.64 

£  can  also  be  described  with  Eq  (2.19)  as 
*£■£{)  =  ^,(.5.}  =  A  CO'S  Sz  ■sin  Sj 

Y  (■’If)  «  =  c.osStCosS3  (4.65 

2  C-t^)  >  •=  J?si^isz 
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3.  Application  of  Necessary  Conditions: 
ME  1  becomes 


°  =  «♦>  S&w  {  X»KJ  -  7^  -  "•*]  +  *r[  Vs  -  vp  * 

+^C*cos4»+i»ncj>)]  +  [  v«” «*"+]■*•  i|= 

=  S|+^'yXx)c°^  +CiXy-yXi)sj!r,4>J  + 

'\i - 


°  ^  r?’”  ^P  +  Vfc  nja*.  W_  +■  M 

RP  t*.4>)  U,w,n) 


(4.69) 


where 


^P=  °<[CKXY-yXx)cos4>+  CiXy-yXOsin<^] 


-£  -*-  mXy+n;. 

"  Xy  4-1 


(4.70) 


The  nin  conditions  are 


ayPc0 

crf*-o 

=5> 

3  Up  >  0 

0*^-0 

a<$>* 

-< 

j_  * 

Tam  <^>  =  J=L. 


sin<}s  = 


-B 


y^Cir 


•* 

,  cos4.  = 


~  1 


A2+b* 

(4.71) 


A.  •=  xXy-y  X  x 

B  t  i.Xy-y  X4 


where 


(4.72) 
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The  max  Hg  conditions  subject  to  the  constraint  Eq  (A. 47)  are 


A 


-  * 


O  — 


/  Xx2  +  \y  4-  \  . 

_ X* 


(4.73) 


ME  2  becomes 


O  *  -  /a2+b?  -*-VE/x<VAy  +  A*  _  xyvp  +  1  (4. 


74) 


The  costat.e  equations  are 


The  transversalitv  conditions  \  .  3h,.C^)  _  gfas)  _  , 
jrnt.2  are  t='  5sj  5sj 

4  “  7.  ~  — V  C  Sn)|  Jl  cos  S2  —  O 

(-^SlhSjS'nSj -XySnnSjCosSj-*-  XjCOSSj))  J?  =0  (4. 

I V- 


J  =2  => 


(4.76) 

U 

% 


77) 


ay' 

3x 

- 

VP  o<  Xy  cos  <f> 

Rp 

i 

l 

1 

•  T 

X  =  -VH  =  - 

3H 

<5y 

■=■  - 

-  VP  ot  C  Xkcos4>-+-  X-  sincJO 
eP 

5 

(4.75)  ;j 

J 

3iL 

La^J 

o(  Xv  sin  <b 
o_  E  ” 

*rP  j 

.  4 

\SS  ^ 
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4.  Problem  Backward  Solution  From  : 

Ordinarily ♦  the  following  analysis  of  the  backward  solution  from 
would  appear  in  an  appendix;  however, it  is  essential  to  the 
proof  of  a  proposition  that  P's  notion  is  planar.  We  begin  by 
determining  the  controls  on  ^  ,  then  the  proposition  follows. 

Subsituting  Eq  (4.76)  into  Eq  (4.77)  yields 

XJ  =  Xy  -feoyiSt  / CO-SSjl  (4.78) 

lXe  ^ 


Noting  that 

A|  =(xXy-yX>£)|  sr J! cos=.2 ^>tnSj Xy |  -,?cos.szsms1  \y  |  =?o9) 


X 

V 


BL  =  C?Xy-yXg)J  =-^SIr)SIXy|  -JJsmSj  Xy)  =  O  (i 
fj  Ct  '  Q 


.80) 


and  substituting  Eq  (4.76)  and  (4.78)  into  Eq  (4.74)  yields  for  ME  2  on 

s 

I - ~ - 5 - i - 1 - —  W.81) 

o-v.yu*^..^*  ^-\le 


Sixnp lying  Eq  (4.81)  yields 


V 

6  CosSzcos.S, 


1 


o 


(4.82) 
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=r  iXy-l-x\y-yXx-y  X^-Vf>Ax+^o(Sm<j>CvcXj-%Xx')  (4.88) 


which  is  obtained  by  substituting  the  state  and  costatc  equations 
and  E's  optical  controls.  Likewise 

^'*^=*^+?V'',Vv^eVpV^o(to^C?V,‘^^  w . .89) 


(x\  -  i  Xx)|  =  IcosSzSioSiSin s, -Sj sms,  snosj.  coss,  _  (4.9 

VpCOS.SiCOS.Sj-  ve 


then  substituting  ~qs  (4.90)  into  fcqs  (4.88)  and  (4.89),  Eq  (4.87) 


"tan  <J>  |  •=•  !  _  ^qo  Si  J  \ 

*  /  u> 


Fron  Fig  10  wo  see  that 


■ton  ©  -•  — ?*loS*: -  —  tonct.*! 

COSS,SinSi  1  ( 


Therefore  on  ^  P's  optimal  acceleration  vector,  the  relative  position 
vector,  and  all  He  in  the  sane  plane. 

Proposition:  For  the  3L>  Linitcd  Pursuer  model,  P*s  notion  under 

•  * 

optical  play  is  planar  (i.e.  <p>  =  O  ) 


rrf.***i  fow 


srt„  /  ,~-  --  -r«- V.  »{  ..  ».  fitWt' 


•p- 

V 
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Since  (  xX,-  3  )  .  =  o  we  see  Chat  for  ail  tine 

■3  *  V2. 


X  —  ^-  A  ^  =  o 


(4.99) 


Eq  (4.95)  for  all  cine  is  therefore 
KJ  =  O 


(4.100) 


Since 


d  £  'ton  <$>* )  =  .-111 -  =  _X/_ 

d-fc  fos*4>  A* 


(4.101) 


we  see  that 


<b  _  N  cosz4>  =  N  =.0 


(4.102) 


Eqs  (4.102)  and  (4.92)  yield 


<£>(£  I  =  cOn-s'fca.n't  =  <^>  =. 


(4.103) 


Though  it  is  not  immediately  obvious  in  the  reduced  }£  ,  E*s  ontlcal 
notion  is  straight  line  notion.  This  fact  is  nore  easily  seen  in  the 
real  space  in  which  Xx  ,  ani  are  all  constants.  Since 

on  P*s  acceleration  vector,  the  relative  position  vector  and  ^g 
all  lie  in  the  sane  plane,  we  see  that  P  and  E  arc  in  notion  in  the 
sar.e  fixed  nlane.  This  shows  that  the  solution  of  the  3D  Liuitcd  Pursuer 
model  is  a  simple  revolution  of  the  2D  Limited  Pursuer  model  about  the 
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Y-axis.  All  the  conclusions  made  concerning  the  2D  node!  apply 
in  the  3D  case. 

5.  Model  Conclusion: 

The  most  important  added  conclusion  to  be  drawn  from  the 
3D  nodel  is  the  3D  closed  fora  control  law  of  P: 

1)  P  banks  his  aircraft  to  keep  E  in  P's  longitudinal  pitch  plane. 

2)  Following  this  bank  schedule,  P  pulls  max  until  E 
is  directly  line  of  sight  out  the  nose  of  P's  aircraft. 

3)  P  then  pursues  a  direct  tail  chase. 

This  maneuver,  which  is  an  optimal  tactic  for  this  3D  model,  has 
been  suggested  by  tacticians  and  is  called  the  "slice”  maneuver. 


& 


| 


V.  A  Relative  Evaluation  of  Fighter  A/C  Capablllty/An  Application 


This  chapter  presents  the  first  knovn  practical  application 
of  differential  game  theory  to  a  real  fighter  aircraft  problem. 

The  problem  Is  the  following:  Given  several  fighter  aircraft,  similar 
In  many  respects,  which  is  the  best  fighter  aircraft  from  an  air-to-air 
combat  point  of  view?  This  is  not  unlike  the  real  problem  faced  by 
the  Air  Force  when  It  must  select  the  best  contractor  proposal  on  a 
new  fighter  aircraft  system.  Though  many  factors  Influence  that  final 
decision,  a  numerical  ranking  of  the  proposed  aircraft  as  to  their 
air-to-air  combat  capability  Is  vital  to  that  decision  process.  The 
technique  presented  here  was  recently  used  by  the  Air  Force  Flight 
Dynamics  Laboratory  as  part  of  its  evaluation  of  the  recent  Li' it  Height 
Fighter  proposals. 

Hodel  for  Comparing  Fighter  Aircraft  Capabilities 

The  model  is  the  3D  Limited  Pursuer.  In  this  model  the  pursuer 
maneuvers  by  selecting  the  bank  angle  and  load  factor  within  his 
capability.  Important  parameters  In  this  model  are  maximum  load 
factor,  turn  radius,  weapons  envelope  and  closing  velocity.  In  order  to 
have  a  means  of  comparing  the  several  aircraft,  the  standard  evading 
aircraft  will  be  the  highly  maneuverable  Evader  in  this  model. 

The  results  of  Chapter  IV  show  that  for  a  realistic  combat 
engagement  (i.e.  max  tracking  gs  "  5,  <*  .6  -  1.1,  gun  capture 

radius  —  1400  ft.,  yf*//  —  .9),  the  Barrier  is  closed  and  very 


sensitive  to  the  ratio  of  combat  velocities  '•'ey,  .  Sensitivity 

VP 


results  of  that  Barrier  indicate  that  It  Is  much  better  to  have  the 
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ability  to  control  '‘'e/v'p  (i.e.  accelerating  capability)  than  to 

increase  the  load  factor.  The  pursuer  employs  the  3D  slice  maneuver. 
Evaluation  of  the  3D  Limited  Pursuer  Model  as  a  Comparison  Tool 

One  of  the  best  means  of  examining  aircraft  maneuverability 
throughout  the  flight  envelope  is  with  the  Mmax  maneuver  corridor" 
concept  developed  by  Govd.  It  is  a  one-vehicle,  energy  maneuverability 
(EM)  analysis  which  draws  attention  to  the  more  important  regions  of 
the  altitude  -  Mach  diagram  where  a  given  aircraft  has  good  maneuverability 
and  consequently  a  good  chance  of  winning  a  combat  engagement. 

It  does  not  indicate  how  to  use  that  capability  or  indicate  the  outcome 
of  a  particular  engagement..  Though  it  is  a  powerful  tool  for  defining 
and  comparing  aircraft  maneuverability,  it,  like  many  other  air-to-air 
combat  models,  docs  not  address  many  of  the  model  problems  mentioned 
on  page  1  .  The  technique  developed  here  considers  many  of  those 

problems  and  is  a  blend  of  EM  results  with  differential  game  Barrier 
results. 

With  a  gun  capture  capability  of  J?  =  1400  ft.,  results  of 
Chapter  IV  show  that  in  the  Mach  j  range  .6  -  1.1,  that  the  Barrier 
closes  in  front  of  P  in  the  range  1550  -  2400  ft.  This  is  within 
pilot  visibility  range  so,  as  will  be  applied  here,  visibility  (i.e. 
part  of  the  comolete  Information  problem)  is  net  a  problem.  If  we 
place  E  on  the  furthcrest  tip  of  the  Barrier  (see  Figure  11),  we  are 
assuming  that  P  has  somehow  obtained  this  tactically  superior  position. 
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This  is  not  an  unlikely  assumption  since  many  documented  kills 
resulted  from  a  fortunate  initial  position  at  engagement.  Since 
the  aircraft  are  close,  a  one-on-one  assumption  seems  to  apply. 

Since  P  is  tracking  for  a  kill,  he  will  bo  limited  to  5  q*  because 
of  pilot  limitations.  Ue  are  assuming  that  the  constant  speed  model 
can  be  applied  with  small  error  (sec  Chapter  VIII  for  justification), 
that  P  can  effect  the  slice  maneuver,  and  that  the  standard  evader 
has  the  fortunate  velocity  direction  associated  with  the  model's 
optimal  strategy  (inside  the  3arrier  the  velocity  angles  off  are  small 
and  realistic  of  the  not  unlikely  tail  chase  maneuver) . 

Specific  Application  to  Relative  Fighter  Aircraft  Capability 
The  technique  compares  each  fighter  aircraft  in  the  study 
against  a  standard  evading  vehicle.  Since  the  3D  Limited  Pursuer  model 
showed  that  the  ability  to  control  ^  was  paramount,  the  difference  in 
the  accelerating  capabilities  (i.e.  specific  power,  ^  ),&J^  , 
of  each  fighter  aircraft  against  the  standard  evading  vehicle  was 
generated  (see  Figures  12  -  17).  The  evader  is  the  superior 
vehicle  in  most  of  the  flight  regime  and  is  initially  placed  at  the  tip 
of  the  3D  Barrier  (see  Figure  11).  P  is  given  a  closing  velocity  - 
here  50  ft /sec.  £  now  employs  his  advantage  in  an  attempt  to 

improve  .  As  E  docs  this,  the  Barrier  shrinks  teward  P;  however, 

vr 

P  is  closing  at  an  ever  decreasing  rate.  One  of  two  events  will  occur; 
either  the  Barrier  will  shrink  faster  than  P  is  closing  and  E  will  escape. 


or  else  E  will  cross  Che  gun  capture  radius  before  he  gets  outside 

the  Barrier.  The  specific  result  depends  on  the  Mach  t  of  P  and 

the  altitude  of  the  engagernftit,  i.e.  A.PS  .  To  Bake  the  analysis 

nore  meaningful,  we  define  the  conbat  arena  to  be  Mach  S  .60  to  1.1 

and  altitude  0  to  the  aircraft  operating  limit.  This  region  is  representative 

of  the  area  of  the  li-mach  diagram  where  visibility  is  good,  turn 

radius  snail,  and  turn  rate  high.  A  conputer  progran  was  built  using 

the  numerical  Barrier  results  of  Chapter  IV  and  the  properties  of  the 

aircraft  to  detemine  the  escape  -  capture  result  for  each  point  of  the 

conbat  arena.  The  results  are  shown  in  Figures  12  -  17. 

The  area  between  the  heavy  black  lines  in  the  conbat  arena 
is  the  region  where  capture  of  E  occurs  in  spite  of  his  £rPs  advantage. 
The  area  iron  the  dashed  lines  to  the  heavy  black  lines  in  the  combat 
arena  is  where  E  escapes  because  of  tiie  advantage. 

Since  a  standard  evading  vehicle  is  used  in  each  case,  it 
is  reasonable  to  assume  that  the  fighter  aircraft  with  the  largest 
capture  area  in  the  conbat  arena  is  the  best  aircraft.  The  percent 
area  of  the  conbat  arena  associated  with  capture  provides  a  means  of 
numerically  ranking  each  fighter  aircraft.  Six  aircraft  are  compared 
in  Figures  12  -  17.  A  definite  numerical  ranking  results. 
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VI.  Limited  Pursuer  -  Evrder  Model 

The  dynamics  of  the  model  in  this  chapter  is  made  core  realistic 
by  constraining  both  the  Pursuer  and  Evader  to  maneuver  their  constant 
speed  velocity  vectors  within  bounded  turning  rates.  Neither  player  is 
highly  maneuveraolc  in  tee  sense  that  the  velocity  vector  can  be 
oriented  instantaneously.  The  Intent  in  studying  this  model  is  to 
find  the  effect  of  the  core  realistic  evader  on  the  solution.  The 
model  is  examined  in  both  two  and  three  dimensions. 

2D  Limited  Pursuer  -  Evader 

Isaacs  [7]  partially  solves  this  problem  but  does  not  interpret 
or  apply  the  model  or  Barrier  results.  The  model  dynamics  is  formulated 
in  the  reduced  ]p  .  The  coordinate  system  for  the  /))  model  is 
shown  In  Figure  IS  (similar  to  Figure  3). 


Figure  18:  Limited  Pursuer-Evader  Coordinate  System 
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1.  State  liquation  Formulation: 

Hie  reduced  ^  is  the  set  of  orthogonal  unit  vectors  ly 
and  lx  fixed  to  P's  position  and  rotating  such  that  1*  is  always 
aligned  with  .  The  details  of  the  state  equation  formulation  can 
be  found  in  Appendix  3.  The  state  equations  are 

M  K*"e-v%-  1 


V£  cos©  -  vp  +  x^e.  o< 

(?p 

%  6  - 
J?r  O  . 


M 


i 

I 

i 

I 


X  -  distance  fron  P  to  t  along  Yp 
y  -  distance  fron  P  to  E  perpendicular  to 
€>  -  angle  between  and 

°<  -  P's  control;  «  +1(-1)  is  a  hard  right  (left)  turn 
3  -  £*s  control;  g  =+l(-i)  is  a  hard  right  (left)  turn 

Note  that  the  state  equations  here  are  very  similar  to  t:«e 
state  equation  (4.1)  for  the  Limited’  Pursuer  node!  -  the  only 
difference  being  that  ©  is  no  longer  a  control  variable  hut  a 


I' 

§ 


state  variable  whose  differential  equation  is  r.n  (3.15). 
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2.  Problen  Setup: 

The  terminal  surface,  ^  ,  is  again  assumed  to  be  a  circle 
about  P  of  radius  J?  ,  however,  at  any  9  .  is  shown  in 

Pig  19  where  it  is  visualized  as  a  cylinder  in  the  reduced  ^  . 
Its  usual  description  with  Eq  (2,3)  is 


Figure  19:  Terminal  Surface 

H-CsCitlJ  =  *(.%)  +  v*U^-a*=  o  (6>2) 

where  © Ctf)  is  free.  ^  can  also  be  described  with  Eq  (2.19)  as 
*(<*)  =  Vijs)  =  &s.insL 

Y&O  -  VH(S'  *  -tcOSSj.  (6.3) 

©(ii)  ^  lo3(s)  -  Sj, 
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where 


The  controls  for  the  players  are 

y  =  frO 

V.  v  £  &3 

and  the  costate  vector  X  Is 


(6.4) 


(6.5) 


As  done  In  the  previous  nodels,  the  roles  of  the  players  are 
preselected  by  choosing  i>=o  ,  t_v  1  with  P  minimizing  and  E  naxinizing. 
3.  Application  of  Necessary  Conditions: 


IE  1  becomes 


=  yk.  ’rn'-n  [  K^y-y^x_  ^©]  rna<  C  X_]  3  -b 

1 5p  ■*  & 


+  ve  C  X^sin©-b  Xytos©]  -  X^vp-<-  1  s 


=  Xe  mun  Mp  -t-  Xi-  'v-ia.x  W.  -f-  74 

^  *  Rf&  3 


(6.6) 
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~  L  X.Xy-7  \K—  Xe] 

=  l>9J  B 

M’q  =  j^X^sio  0-+ Xy  cos0 J  —  XyV^-i-i 


The  min  H®  condition  Yields 
<*  r 


<*  «  -  Sgn  CAe] 


A®=  KS-'<X>‘-Xe  (6.9) 

provided  for  finite  tine. 

The  nax  ilc  conditions  vield 

fl  t 

d?*=  Sgn[Xe]  (6.10) 

provided  X^o  for  a  finite  tine. 

Singular  controls  in  both  &<  and  g  can  occur.  A  summary  of  the  o< 
singular  necessary  conditions  from  Appendix  R  shows 

Ae-  xXy-yXx- Xe  =C>  (6.11) 


As  =  -  vP*  \*  = 


Xy  >  O 


Therefore,  the  singular  control  in  o<  requires  the  added  necessary 


conditions 


<*  =  x*  -=  =■  oiX 


y 
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Note  that  the  first  two  costatc  equations  here,  are  the  same  as  the 
costate  Eq  (4.18)  for  the  Limited  Pursuer  model.  The  main  influence 
of  the  added  realism  of  this  model,  i.e.  the  velocity  angle  off  ©  , 

is  thru  its  effect  on  in  the  switching  functions  and 

which  determine  the  controls. 

3 

The  transversal! tv  conditions  are  X,  ro;  (g 


j  =  2  =>  =  © 


S3. 


j  =  1  =>  o=  Xx(^)AcosS1+Xytt^C-jesins1V^eftf)=-C<XvJ-vXx)j--<y. 

(6.24)  ^ 

4.  Problen  Backward  Solution  Fron  : 

As  was  done  in  Chapter  IV,  the  backward  solution  fron  ^  is 
done  to  find  the  control  logic  on  P's  side  of  the  Barrier.  The  details 
of  the  analysis  can  be  found  in  Appendix  B  of  which  the  following  is 


The  controls  on  the  terminal  surface  arc 

5*|  -  -s^ntstnLSj-SiV]  (6.25> 

Ce 

s§n  [  s'^Sx]  .  (6.26) 

There  are  singular  controls  for  both  P  and  E.  The  E  singular  control 
conditions  are  characterized  by 

xe  =o 

a  -©  .  (6*27) 

Since  £=©  ,  the  E  singular  control  yields  a  non-turning  straight  line 
dash.  The  P  singular  control  conditions  arc  characterized  by 

Ae=  xXy-yXx-X0  =  Xx  -  <A  -  o  .  (6.23) 
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Since  d-Oy  P's  singular  control  also  yields  a  non-turning  straight 
line  dash.  If  both  P  and  E  are  singular  together,  then 0=o  also 
and  the  double  singular  condition  corresponds  to  a  direct  tail  chase. 
Now  if  E  is  singular  then  Appendix  B  shows  A_  =  ©  ,  3r©  , 


Sin0  =  r  j  COS0  r  ;■■  =  ±  .:■■■=»  »A?  *\ry Under  these  conditions 

the  state  equations,  Eq(6.1),  and  the  costate  equation,  Eq  (6.22), 
reduce  identically  to  the  state  and  costate  equations  for  the 
Limited  Pursuer  model.  From  this  it  can  be  seen  that  the  E  singular 
case  in  the  present  model  has  the  same  solution  as  the  Limited  Pursuer 
model.  In  this  singular  case,  E  initially  just  happens  to  have  the 
position  and  ©  angle  off  associated  with  the  optimal  ©£  freely  chosen 
by  the  highly  maneuverable  Evader  in  the  Limited  Pursuer  model. 

The  optimal  controls,  for  the  majority  of  j»  ,  are  either 
hard  turns  or  the  singular  straight  line  dashes.  Based  on  the  Appendix  B 
discussion  of  the  closed  fom  control  logic  for  E  while  P  is  singular, 
and  vice  versa,  the  closed  form  control  logic  (see  Figure  20)  for  this 
model  (neglecting  other  singular  surfaces  -  see  pg  16  )  is:  P  does  a 
hard  turn  into  E  until  is  tangent  to  E’s  hard  turn  circle  at  which 
tine  P  switches  to  the  non-turning  singular  control;  E  does  a  hard 
turn  away  from  P  until  is  tangent  to  P's  hard  turn  circle  at  which 
tine  E  switches  to  the  non-turning  singular  control.  Uith  this  knowledge 
about  the  singular  control  surfaces,  we  continue  with  the  backward 
solution  from  and  return  to  the  controls  on  £  . 
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Eqs  (6.25)  to  (6.28)  are  expressions  for  the  controls  on  as 
a  function  of  the  state  on  .  It  was  stated,  but  not  shown,  that 
the  UP  of  ^  was  characterized  by  those  states  on  ^  for  which 

Vp  COSS^- Vg.c0sCS2.-Si)  >  O  #  (6.29) 

It  will  be  shown  (see  section  on  Barrier)  that  equality  in  Eq  (6.29) 
defines  the  BUI*. 

Figure  21  represents  the  cylindrical  terminal  surface,  ^  , 

of  Figure  19  cut  along  the  S2  (i.e.  0  )axis  at  and  unrolled 

on  a  flat  sheet.  As  in  the  other  models  ^  •  Eq  (6.29) 

equated  to  zero  defines  the  DIP  and  is  shown  by  the  curved  lines  in 

Figure  21.  A  pair  of  curved  lines  represents  the  BUP  for  a  given  ^<1. 

VP 

The  area  of  £  between  the  diametrically  onoosed  parts  of  the  HUP  is 
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3  1 


the  DP  of  £  .  The  remainder  of  £  is  the  NOT.  Eqs  (6.26)  and  (6.28) 
show  that  for  the  UP  of  ^  and 

X)  0<S1  c ‘<T  =^>  «x  )„  =  +1  (i.e.  hard  right  turn) 

<< 

2)  -TT< %1<0  -i  (i.e.  hard  left  turn)  (6.30) 

3)  SA=  o  «$><=<)  =.  o  (i.e.  P  aingular) 

4)  s1=  7T  •  =^>  Dispersal  surface 

This  shows  that  at  ^  termination,  P  is  turning  into  the  position 
of  E.  Even  though  termination  on  )£  does  not  occur  for  the  NOT,  the 
controls  are  defined  as  in  Eq  (6. 30), however,  with  the  ilgns  changed. 

Eqs  (6.25)  and  (6.27)show  that  for  the  UP  of  £  and 

1)  OCS.j-SjC.Tr,*,  3)  =-l  (i.e.  hard  left  turn) 

2) -tt<s?_sj<0!S.  Si  =■-*■!  (!•«•  hard  right  turn)  (6.31) 

w 

3)  Sz-S.rO  =5>  R|  -o  (i.e.  E  singular) 

£ 

4)  Sz-St  =.  IT  s?  Dispersal  surface 

This  shows  that  at  termination,  E  is  turning  in  the  direction  of 
the  line  of  sight  i.e.  E  is  trying  to  lessen  the  closing  rate  to  prevent 
termination  on  ^  .  For  the  NOT  of  ^  the  control  signs  In  Eq  (6.31) 
are  reversed. 

Figure  22  portrays  several  kinds  of  termination  on  by  reference 
to  specific  points  on  Figure  21.  For  points  1,  3,  4,  6  in  the  UP,  P 
is  clearly  the  attacker  and  E  the  evader.  Points  7,  8,  9,  10  are 
also  in  the  UP,  however  the  positions  are  such  that  P  probably  should  not 
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Figure  22:  Positions  at  H  Termination 


attack  but  evade  and  -.ic-i  versa  with  E.  The  problem  here  is  with 
the  payoff  function  fora  and  the  fixed  roles  that  have  been  assigned 
to  the  players.  The  problen  of  choosing  a  good  payoff  function  was 
mentioned  in  Chapter  I  and  again  mentioned  m  Chapter  III  -  1  in 
the  2D  Constant  Velocity  model.  This  payoff  problem  is  addressed  later 
in  Chapter  IX.  The  main  point  to  be  made  here  is  that  the  backward 
solutions  from  points  such  as  7,  8,  9,  10  nay  be  interesting  to  do 
mathematically  (and  as  it  turns  out  extremely  difficult  because  of  the 
Dispersal  surface  in  this  region  of  ^  )  but  have  little  use  practically 
since  the  roles  of  the  players  arc  fixed.  This  is  not  to  say  that  the 
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present  nodel  is  not  good  -  just  United  in  sone  areas  of  for 
practical  application.  The  arer  of  ^  where  the  present  fixed  roles 
have  practical  application  (i.e.  when  the  roles  nake  sense)  is  around 
-1F2<Si  <■  T'-j  sinultar.cously  with  I Sx [  <  77/  .  This 

area  is  enclosed  by  the  heavy  dashed  lines  in  Figure  21.  Kith  the 
controls  on  and  the  part  of  ^  useful  for  practical  application  defined, 
the  analytics  of  the  backward  solution  froa  this  area  of  £  is  done 
next.  The  E  singular  traj'.rtiries  are  done  first. 

As  was  previously  discussed,  the  E  singular  case  is  the  sane 
as  the  Limited  Pursuer  model.  Hie  only  real  distinction  to  be  made 
here  between  the  models  is  one  of  nomenclature  i.e.  and  ©  are 
similar;  A  and  A&  are  s'imllar;  S  and  Sx  are  similar.  A  summary  of 
the  equations  for  the  backward  solution  in  the  E  singular  case  follows. 

These  equations  come  directly  froa  the  Limited  Pursuer  model.  Because 
of  the  X  ,0  symmetry  in  the  problem  (to  be  shown  later),  only  the 

*  JC 

IT  that  lie  in  the  UP  (i.e.  o<  3  =  ©  )  are  examined. 

The  results  are 


XeCT)  •=  ©  (6.33) 

Xx(r)=  (6.34) 

XvCt)  =  co>s(.  y^T)/[_VpCosSa- v6l  (6.35) 

Rp  -> 

Ae(r'  *  CvSv-'J L“~St' 
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©C"T)  —  sa  -f-  VP  T 


(6.37 


*('r!  -  C ■&-  VeT)  sin CS.+^tJ  -t-  Rp  C  3.-  cos  Vp  t)  (6.38) 


VCT>  =  C^--v£T)co-sC%+^E.t)+  I?pi,o^ET  .  (6. 


39) 


As  with  the  Limited  Pursuer  model,  these  trajectories  will  generally 
Intersect  the  Barrier  before  switching  occurs  in  Eq  (6.36). 

The  backward  solution  of  the  P  singular  trajectories  is  straignt 
forward;  however,  they  are  not  very  useful  in  the  analysis  of  the 
.Harrier.  This  is  because  tin  ir  initial  conditions  on  £  (i.e.  _>  ) 

do  not  intersect  the  BL'P.  These  P  singular  solutions  are  not  presented. 


Next  we  examine  the  backward  solutions  fron  the  UP  of  £  where 

*  -# 

an<?  &  *■  O  .The  details  of  this  analysis  is  done  in 


Appendix  B  of  which  the  following  is  a  summary. 

For  the  UP  of  £  the  controls  are  hard  turns  as  shown  in  Figure  21 
with  E  switching  and  P  switching  at  7^  and  respectively  defined  by 

(6.40) 


^|Te  =  vr~  s|st_sa| 


vet.  =  nr-ziSjJ 


(6.41) 


For  a  given  Sj.  #  Sg  in  the  UP  of  ^  and  for  T  smaller  than 
or  7^  the  state  solutions  arc 


(6.42) 


OCT)  =  Sj.+  (  ^p  of  a*\T 

X(T)  ■=  c<  f5p  C  1-Cc-Soi  )  -g  £  smtSi-hc* Jvv_T)  + 

RP  Rp 

^  [cos(sl+oi*^T)  -  CosetTjJ  (6.43) 
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Substituting  Kq  (6.49)  into  Kq  (6.46)  yields 

Expression  (2.23)  beconcs 


(5.50) 


miln  ina<  tr'4  —  mCn  noax  f  t>^(  vE  sin©-  y2^£o<  )  -+• 

O  V  <  £5  C*  &  L  *  Rp 

u. 


-4-0; 


S  ^E.  mm  ix'Iy  "  V  0^-  o'  )  *+■  noav:  C*1©]  2>  j 


4-  ^^O^siyiG  +  vr^cos©}!  -  v^.Vpj 


~  Uy  Vo  | 


X 

(6.51) 


Tlic  nin  operation  yields 


c< I u>  =  -S^CA0]  j  ==  -  SgnCKl^-y\Tx-  0-e]|  (6.52) 


e  tj 

=  sr  c°‘e]h 


provided  A0vto  for  a  finite  tine.  Tlio  nax  operation  yields 


(6.53) 


provided  <&© for  a  finite  tine.  Substituting  Eqs  (6.52)  and  (6.53)  into 


|  I 


5 
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Eq  (6.55)  inplies  that  if 

1)  N/£ca^St-S1)-V/p«»S1<C>  .then  {sX|S^  ©  UP  of 

2)  VeCo*U1-S±')-Vf>CO<.S;j=o  ,  then  {s3Sz^  S.  3UP  of£ 

3)  VECOs£s1-'S1)-VpCOSS1>®  ,  tnen  { SX|St\  £  ',UPof£ 

(6.56) 

These  equations  justify  the  statements  made  on  pgs  81,  210  and  211  . 
Having  defined  the  BUP,  the  Barrier  is  constructed  backward  from  the 
BUP  by  satisfying  the  necessary  conditions  of  the  Barrier. 

The  first  necessary  condition  is  "pseudo"  !!E1,  Eq  (2.29), 

O  =  mm  max  crT4-  t&.O  v>  =.  ^g  mm  hf  -t-  ){&  ma*H„  + 

O  v  —  ~  o  o_  ol  -* 


Rp  0 


A.  v/e(.  \rKsid  ©+  vTy  Cos©  )  -  iJ^  Vp 


Where  ftp  =  t<^_V'rK-'Je3°<  =  L^e3°<  (6*S8) 

wE  =  [a-e]  e>  •  (6-S9> 

The  nin  Hp  conditions  yield 

3  „  -S^nC^s,]  (6-6°) 

*V»  ^ 

provided  A0*O  for  a  finite  tine.  The  nax  H£  conditions  yield 

S=S^CvTe]  S  (6-6D 

provided  0g*»  for  a  finite  tine.  Note  the  possibility  of  singular 
controls  on  the  Barrier.  Substituting  Eqs  (6.60)  and  (6.61)  into  Eq  (6.57) 
yields  "pseudo"  ME2,  Eq  (2.30). 

o=-±|Ae|f  ^  I  U-e|  d-vE(.irxsm© +iry  COS©)- iTyVp  '6.62) 

Ej>  Kg 

The  costate  equations  for  the  Barrier,  Eg  (2.31)  are 
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—  S  ^  vJt# 

Kp  Y 


\r  ■=  S^p  o*x 


V&  (.V^  sin©  “  O^Cos^)  J  (6.63) 


As  was  done  in  the  Limited  Pursuer  model,  the  similarity  in  the  fora 
of  the  necessary  conditions  for  the  Carrier  and  the  form  of  the 
necessary  conditions  for  trajectories  from  the  UP  is  pointed  o^t. 


‘  x£tf)  =  JlsmSi 
y(4^)  =  i.cQsSj. 

©Ct^=  sz 
i.  =  i  Cs.a/i^ 


EUP  (Barriers) 
same  -form 
except  sx  and  Sz 
d re  on  BUP  . 


S&me  state  equations 


-  7Z  \r.. 

Rp  > 

x  = 

Ye  Xx 

jcr 

^Sa-X 

fep 

i?P 

vE(.Xysine-  Xxcose' 

v^CvJy  sine- C^cose^ 

X*(tr)  =r  _ siylS* 

VpCosSj-  VECOS  CSj-Sj.  ) 

XY(M  =  - £2SSi - 

V,,  CDS  Si  -  V^costSj-  Si  ) 

^©Ct;)  =  o 


=  sinSi 
VJ^Ct;)  «=  COSSi 

«■©%  I  =  O 


oc  =-s^nC*X7-y\x-  X©] 

St  •=  -S^n[)C\J^-yvI^- 

uoKeo  Ae#-o 

iowen  A©  o 

&*  =  S*yo  CX©] 

s  -  -s^  L^©3 

colnen  X-©  Vb.  O 

coUen  VT©  ■it  o 

,41  -  * 

<^5=0,  Ss 

•o* 

°<S  -  o ,  &<,-  O 
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As  can  be  seen,  the  BUP  (Barrier)  equations  are  sinilar  in  form 


to  the  equations  for  the  UP  -  the  only  difference  being  the  initial 


values  of  state  and  costate  variables  for  the  BUP  (Barrier).  Although 


the  resulting  trajectories  will  be  different  in  shape  (because  of 


different  boundary  conditions)  the  forn  of  the  solutions  are  the  sane. 


Taking  advantage  of  this  sinilarity,  the  equations  for  the  Barrier  are 


•given.  The  E  singular  case,  for  that  part  of  the  BUP  where  o<^-4  7T 


is  done  first. 


The  E  singular  case  requires  thatS^S^sce  Eq  (6.32)).  However, 


since  S±  and  S2  are  on  the  BUP,  Eq  (6.56)  yields 


coss,.  -  VVl 


The  E  singular  case  also  requires  0^(7") -o  (see  Eq  (6.33) 


Realizing  the  Barrier  boundary  conditions  of  Eqs  (6.49)  and  (6.50), 


Eqs  (6.34)  and  (6.35)  show  that 


O^Ct)  =  sinCSi-t-^-T) 


u^Ct)  ^  costal 


Likewise,  Eq  (6.36)  shows  that 


A0(tj  -  -  15pt.Cot.Si- co-sCs^^t)] 

Ep 


and  Eqs  (6.37),  (6.33)  and  (6.39)  si.ow 
©(T|  =  S 


xLr)  •=  C^-ver)smC£,  +  ^eT)  +  E-C.i-co5VetJ 

«P  Ep 


is.1 


u&h..  ^S'| 


J  *'.  YV^VfA  “I'rt’V  A  rk/v^y^y^'+^'VJn 'tt<^p?-*?***~‘pv/i  . 
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yCf)  =  C4-VE.T)coi.Csi-+'^'r)  +  ISpiinyfi  T  <6*70> 

Kr  Rp 

where  S^  is  defined  by  Eq  (6.64). 

Reference  to  Eqs  (4.37)  to  (4.42)  shows  that  the  E  singular  case  on  the 
Barrier  of  the  present  nodel  is  exactly  the  sane  as  the  Barrier  of 
the  Limited  Pursuer  nodel.  The  P  singular  case  is  done  next. 

The  P  singular  case  requires  =  ©  .  Fron  Figure  21  and 

Eq  (6.56)  for  the  BUP  it  can  be  seen  that  S^o  on  the  BUP.  It  was 
for  this  reason  that  the  P  singular  trajectories  fron  the  UP  were  not 
presented,  Ilext  we  exanine  the  backward  Barrie  *  trajectories  fron  tliat 
part  of  the  BUP  where  g  sf=  O  . 

To  be  on  the  BUP,  and  Sz  must  satisfy  Eq  (6.56)  (see  also 
Figure  21).  Eqs  (B.46)  and  (B.47)  indicate,  realizing  the  Barrier 
boundary  conditions  of  Eqs  (6.49)  and  (6.50)  that. 

o-xW  =  si«(s1+2|:r)  (6.71) 

V5^C'r)  =  405  C  Sj4-  (6.72) 


Eq  (6.42)  shows  that 

Eq  (B.50)  along  with  the  Barrier  boundary  conditions  of 
Eqs  (6.49)  and  (6.50)  shows  that 

U^Ct)  =  Eg  [ cosOi-s^ -  <.©s(si- ^ s  t/} 

%  I?e 

E  switching  on  the  Harrier  occurs  when  7"  equals 

defined  by  (sec  Eq  (6.40)) 

VtrL  =  2TT-  i|s,-  S2i 


r> 


e5gisqsrr~,*«™..inlTO!aestaaiis^ 


igp**  ^  *>  v  •  >'«‘>;v> 
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Eq  (B.S5)  shows  that 


AeCT)  =  -5e.[  cosSi-  cosCSi-4.  5^.r)l  (6<76) 

<*  U  ^p 

•yJ 

and  ?  switching  on  the  Barrier  occurs  when  T  equals  TA  defined 
by  (see  Eq  (6.41)) 


^P.  rA  =  2TT-  2ls,  | 


Ip. 


.'V  . 


The  x  and  y  Barrier  solutions  are  similar  to 
Eqs  (6.43)  and  (6.44)  l.e. 

x(r)  =  SI  Rp(l-Cos^?^.r  )  4- Si  sin  (_s±+  S^.t)  -*- 

+  £e  r cosCsz-*-5^E'r'i  -  cos  ©Or)’}  (6.78) 

s  L  **  —  \ 

y(T )  =  SZ  i2_  sinSiitT  -►  Jl  cos CSj.+S  Vg r )  +■ 

p  er 

-  ge  r  sinCsz-vSVET>  _  Sin  ©it)") 

g  1-  Cp  J  •  VO«/“7 

This  completes  the  solution  of  those  trajectories  immediately  * 

leaving  the  BUP. 

6.  Barrier  Interpretation: 

First  the  X,0  symmetry  in  the  Barrier  (as  well  as  the  whole 
problem  -  was  mentioned  previously)  is  shown  analytically.  Consider 
a  case  where  =  Slc,  >  O  and  S2  =  Szo  where 

Then  cC=  +1  ano  g>  =  +  1  and  the  Barrier  trajectory 
i.e.  Eqs  (6.73),  (6.78)  and  (6.79)  yield 


\4 

i 


I 


*v> 


'f: 


f  * 


s+w 

K+Cr)  =  E„Cl-^!-TS  +  Asi«Csie»+  ^T)  ■*" 

Kf  Rp 

+  Eef  <-osCs2e4-^'r)  -  cose  Qr)  ] 

*-  Rp 

v+Ct)  =  KpSinit-T  +-  -6cos>(.s1c>+^t)  ■+■ 

Rp  kp 

_  eE  f  sm(  S2o+  Vg  r  J  -  sin  0  Cri  ] 


Now  consider  the  case  where  -  Sic,  sad 


S,  =  -S, 


Then  Sj-Sj «- S4e^-S?c>  =  - end  since  originally 
0<C  S^-Szcd.  ^  then  in  this  case  o>  S1-Sz>  -  "’p'j 
Therefore  in  this  "mirror  image"  case,  3<  = -1  and  g  =  -  1  ar 
Eqs  (6.73),  (6.73)  and  (6.79)  yield 

vfcn  =  -Ep  — t-smCs^+^LT)  ■+• 

-  reE  J^co-sC  szc,4-  ik  t  _  cos  e* ;t>!]  (6.84) 

y~(T)  -  Ep  sin  ^  T  +  -4  cos  ts^t  ^t)  -•- 

-  Ee  (sto  Cs2o+  -  *,r1  e+  t-*p>3  •  (6.85) 

A  comparison  of  equations  shows  ©*(T  j  —  -  ©?t  j  ,  K+(T )  -  -X(T) 


and  y(T)  ■=  Y  CT) 


;  hence,  the 


symmetry  is  shown.  With  this  symmetry  in  mind,  the  Barrier  shape, 
possible  closing  conditions  and  sensitivities  are  examined. 

As  will  be  demonstrated  shortly,  by  a  comparison  of  the  Barriers 
of  the  Limited  Pursuer  model  with  the  present  model,  the  Barrier 
and  its  closure  properties  depend  on  the  particular  air-to-air  combat 
model  and  its  system  parameters.  Except  for  the  simplest  of  air-to-air 
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combat  models,  the  Barrier  is  generally  cot  a  completely  closed  surface 
in  ;  however,  selected  Barrier  trajectories  or  trajectory  types 
can  be  made  to  close  for  judicious  choice  of  the  system  parameters. 

As  seen  in  Figure  22,  not  all  of  the  escape  trajectories  making  up  the 
Barrier  are  physically  interesting  for  one  reason  or  another  -  in  this 
particular  case,  role.  However,  there  ere  physically  Important 
Barrier  trajectories  on  each  Barrier.  It  is  the  closure  of  these 
Barrier  trajectories  (can  be  thought  of  as  a  partial  Barrier  closure) 
and  their  sensitivities  to  system  parameters  that  is  Important  to  study. 
This  concept  will  become  more  clear  as  we  examine  specific  Barrier 
trajectory  closure  in  this  model. 

Figure  23  is  a  pictorial  drawing  of  the  terminal  surface,  , 
and  the  Barrier  leaving  the  surface.  Both  the  right  and  left  BOP 
are  partially  drawn  on  ^  .  The  E  singular  line  on  ^  is  elso  drawn; 
it  appears  as  a  helix  wrapping  around  Q  .  The  origin  of  the  Dispersal 
Surface  on  is  also  shown.  The  A  trajectory  is  the  E  singular  Barrier 
trajectory  in  Eqs  (6.68),  (6.69)  and  (6.70).  The  projection  of  this 
trajectory  onto  the  X-  Y  plane  (note  that  ©(t)  is  increasing 
positive  on  the  right  side  and  is  increasing  negative  on  the  left  side) 
is  Identical  to  the  Barrier  of  the  Limited  Pursuer  model  (see  Figure  6). 
If  we  examine  the  conditions  that  allow  the  E  singular  projections  to 
just  touch  the  y-axis  tangentially  (i.e.  a  grazing  Barrier  closure  for 
the  Limited  Pursuer  model),  Eq  (6.43)  shows  that  &(T)a  for  the 
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right  projection  and  ©(T )  =  -  for  the  left  projection. 

Therefore,  even  though  the  Barrier  of  the  Limited  Pursuer  model  is 

also  a  Barrier  trajectory  in  the  present  model,  it  can  be  seen  from 

the  above  that  the  completely  closed  Barrier  in  the  Limited  Pursuer 

model  ’  ot  a  closed  Barrier  trajectory  in  the  present  model.  This  is 

not  to  say  that  closed  Barrier  trajectories  do  not  occur  in  the  present 

model,  just  that  the  added  realism  of  the  E  model  has  changed  the 

conditions  under  which  closed  trajectories  occur. 

Since  P  is  pursuing  E,  V^E_  <■  1  was  selected  earlier  to 
Vp 

correspond  to  P's  role.  Kow,  the  realism  rdded  to  this  model  was  a 

limited  turning  rate  for  E  -  previously  E  was  infinitely  maneuverable. 

In  order  to  give  E  a  change  at  closing  the  Barrier  completely  or  partially, 

it  seems  logical  that  the  turning  rate  of  E  should  be  larger  than  the 

turning  rate  of  P  i.e.  >  1  .  In  the  analysis  that  follows  this 

is  assumed.  Therefore,  P  is  faster  but  can  not  turn  as  rapidly  as  E. 

We  leave  the  required  magnitudes  of  ,  etc. ,  for  closure  • 

Vp  ep 

to  the  analytics  of  the  Barrier. 

The  F.  trajectory  in  Figure  23  corresponds  to  the  case  where  S  =  -*•  1 
and  Q,  --  + 1  .  Eq  (6.73)  applies  here  and  shows  that 

&j)  -  S.z  ■+  C  ©p- T  .  (6.86) 

Since  ©£>  ©p  ,  ©(T)  is  decreasing  i.e.  the  B  trajectory  is  heading 
toward  the  X-Y"  plane  of  ©  =  O  .  Likewise,  the  mirror  image  of  the 
B  trajectory  off  the  left  BUP  is  heading  toward  the  X-  X  plsne  of 


t- 
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&-zn  (same  as  G  =  0  ).  If  both  these  trajectories  meet  the 

respective  planes  at  X=o  ,  the  y's  of  the  two  trajectories  vill  be 
identical  (because  of  the  symmetry)  aicflg  with  the  0j  being  zero  (  2 rr  ). 
If  the  parameters  of  the  problem  can  be  found  to  cause  this  to  occur, 
the  Barrier  will  be  partially  closed  for  these  specific  trajectories. 

The  E  trajectory  in  Figure  23  corresponds  to  the  case  where 

•V_» 

*  +1  and  &  •  -I,  Eq  (6.73)  applies  here  also  and  shows 

eCr)  =  C  r  (6.87) 

OCT)  is  increasing  rapidly  and  heading  towards  the  region  of  the 
Dispersal  surface  (defines  a  surface  of  unusual  encounters  which  have 
for  each  point  on  the  surface  two  different  trajectories  leading  to  the 
same  payoff  l.e.  escape  in  the  case  of  the  Barrier).  The  mirror  image 
of  the  E  trajectory  off  the  left  BUP  is  also  heading  for  this  region 
and  closure  on  the  Dispersal  surface.  Note  that  the  Dispersal  surface 
itself  is  a  kind  of  Barrier  trajectory  closure.  As  was  mentioned  earlier, 
the  encounters  on  this  surface  are  the  head-on-type  etc.,  where  the 
present  fixed  roles  are  not  justified  and  have  little  ] ractical  application. 
As  will  be  shown,  this  leads  to  certain  anomalies  in  the  Barrier  of 
little  practical  use. 

The  C  and  D  trajectories  in  Figure  23  are  trajectories  which  branch 
off  the  E  singular  trajectory.  The  D  trajectory  corresponds  to  E 
switching  from  the  singular  gro  to  jj  =  -l  which  heads  the 
trajectory  towards  the  Dispersal  surface  region.  Tor  the  same  reasons 
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just  discussed,  tlie  D  trajectories  are  not  exaained.  The  solution  of 
the  C  trajectories  is  done  next. 

The  solution  of  the  C  type  trajectories  (i.e.  °<  •  +1  ,  0  “0 

followed  by  3  m  +1)  satisfies  the  necessary  conditions  for  the  Barrier 
trajectories,  however,  subject  to  the  boundary  conditions  on  the  E 
singular  trajectory  ct  ‘.he  poir>t  where  switching  occurs.  Let  be 
the  time  that  E  switches  :onf.ols  and  define  ©p*  as 


tVi"-sr'T*  ‘  (6.88) 

Kote  that  is  the  angle  that  P  turns  thru  while  E  is  on  the 
singular  Barrier  trajectory.  Substituting  Eq  (6.S8)  into  Eqs  (6.64)  - 
(6.70)  gives  the  boundary  conditions  at  i.e. 

s  _  cos  fve  ^ 

1  {—rl  (6.89) 


Vj?*)  =  ° 

vtkCtO  =  sioCst+Sps) 

=  COS(.Si+'€>ps^ 

Xe  C^)  =  -  RpSlcosSj  -  cos eps)] 


©LTS)  =  Sx+  ©c 


xC-15)  •=  ^  S.n CSid-e^'id-RpC  1-  cos©^) 

P  (6.95) 

Y<-tO  =  C  4  -  c»Csx*e^)  ■«-  RpS.n©^ 


-is* 
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Note  that 


©Cts)  =.  Sx-4-  9 ^  <  Zi r-  '  Sx  (6.97) 

or  else  switching  of  o(  will  have  secured.  The  details  of  the  C 
trajectory  analytics  can  be  found  In  Appendix  B  of  which  the  following 
is  a  suenary. 

Time  after  7^  is  defined  as 

T‘  -'T-Ts  .  (6.98) 


After  6  svitches  to  +1  the  results  are 


©Ct')  =  s14-©ps-©ECi-  §)r'  . 


The  F  switching  condition  remains  unchanged  l.e. 


=.  -ZTT- *|<,xl  (6.100) 


The  >T(T),  y(T)  state  solutions  subject  to  the  boundary  conditions  of 
Eqs  (6.89)  -  (6.96)  are 

x(-lD  =  - tos ( r)  +  ( - ^k©- ) Csi+ei  ~e  t  )  - 
fEp  P*  Rp  1  '•Rp  Vp  N  1  PS  tsp  1 


-+-S?  CO'S  CSi-4-  ©pj.  +  ^E.T'j  +  1-^6  COS  ©Ct') 


(6.101) 


1 4- ' ^ ®ps)  r')  +  sm(v|T')+ 

Kp  "=p  Vp  (2p  r  <P 

-  gg  Eg  sir)  ©Ct')  .  (6.102) 


Eqs  (6.99),  (6.101)  and  (6.102)  are  the  equations  for  the  C  type 
Barrier  trajectories  in  tents  cf  Op5  ,  “  ,  and  the  parameters  of 

the  problem.  The  equations  arc  only  valid  provided  P  switching  docs  not 
occur  l.e.  Eq  (6.100). 
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Again  it  is  noted  that  for0£>^,  that  S(T')  (Eq  (6.99))  will 
decrease  towards  the  x~y  plane  where  0-0.  Likewise,  the  mirror 
image  of  the  C  trajectory  off  the  left  BUP  will  Increase  toward  the 
plane  of  ©  =.  2TT  .  As  with  the  B  trajectories,  if  these  C  trajectories 
meet  the  &  =  0(2TT')  planes  at  x=0  ,  this  will  be  a  case  of  Barrier 
trajectory  closure. 

The  importance  of  the  B  Barrier  trajectory  closure  and  the  C 
Barrier  trajectory  closure  is  seen  when  it  is  realised  that  the  closure 
is  taking  place  on  the  totally  singular  surface  i.e.  the  y  -axis. 

Since  a  majority  of  the  trajectories  from  the  state  space  cone  down 
this  totally  singular  surface,  partial  Barrier  el« sure  on  the  y  -axis 
provides  an  E  escape  route  for  a  majority  of  the  state  space. 

The  parameters  of  the  problem  determine  the  y  position  at  which 
the  Battler  partially  closes  on  the  y  -axis.  Assuming  that  the  combat 
has  startce  from  a  state  that  has  led  to  the  totally  singular  y  -axis 
(see  Fig  20)  and  assuming  that  E  has  not  passed  the  y  point  of  Barrier 
closure,  as  that  point  is  reached  E  pulls  max  gs  and  P  pulls  max  . 
Depending  on  the  parameter  magnitudes  of  the  problem  (see  Figure  26) , 

E  may  or  may  not  switch  to  the  singular  non-turning  trajectory.  P 
always  maintains  max  .  The  result  is  that  E  «6capes.  To  better 

visualized  the  shape  of  the  Barrier  in  the  region  of  .’nterc-t  (i.e.  the  B 

— i  f  -r .. 

and  C  type  trajectories  which  occur  when  -  cos  6  S7  f  co<,  _£<=  ) 

vp  Vp 

and  the  interesting  case  of  Barrier  trajectory  closure  with  they-  singular 

101 


T 


ms 


*  A.«a 


DS/MC/73-1 


axis,  cross  sections  of  the  Barrier  perpendicular  to  the  d(.£?)  axis 
In  Figure  23  were  calculated. 

Figure  24  shown  cross  sections  of  the  Barrier  for  OiS2  f 

-i  -i 

COS  ve  =  Co^(  .9)  -  25.84*  for  a  specific  case  of  vehicle  parameters 

v> 

that  result  in  Barrier  trajectory  closure  with  the y -singular  axis. 

For  —cos  Vs  £  S~  £  o  •  the  mirror  image  of  Figure  24  about  the 

y  -  axis  applies.  Cross  sections  of  the  Barrier  are  presented  for 
Sz  »  0  and  S7  “  25*.  The  cross  sections  for  any  S2  between  0* 
and  25*  are  curves  of  smooth  transition  (not  shown  so  as  not  to  clutter 
Figure  24)  between  the  two  shown.  Note  that  each  cross  section  represents 
those  x-y  positions  that  lead  to  escape  for  E  provided  E's  velocity 
angle  off  is  initially  the  Sz  value  of  the  cross  section.  Note  also 
how  the  S2  •  0  cross  section  closes  with  its  mirror  image  on  the 
y  -  singular  axis  at  ”  .490.  For  the  given  system  parameters, 

(?p 

this  X;  position  is  the  closest  distance  that  E  can  be  from  F 

fSp 

in  a  direct  tail  chase  and  still  effect  an  escape.  The  importance  of 
this  position  is  pointed  cut  later. 

Note  that  by  increasing  to  .250,  closure  of  the  Barrier 

with  itself  and  the  y  singular  axis  is  not  possible  (see  dashed  line 
in  Figure  24). 

Figure  25  presents  cross  sections  of  the  Barrier  for  o  £ 

Sj  £  cos  =  Cos(.9)  -  25. 84*,  however,  in  the  region  of  the 
left  BUP  and  Dispersal  surface  where  the  roles  are  ill  defined.  As  can 
be  seen,  the  cross  sections  are  inside  of  and  terminate  very  close 
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to  g  .  Isaacs  [7:  217]  treats  this  condition  aa  an  anomaly  in  the 
Barrier  since  the  Barrier  Is  only  defined  physically  external  to  Q  . 
As  can  be  seen  by  Figures  21  and  23,  E  Is  considerably  behind  and  left 
of  F  vlth  Vg.  pointing  towards  P.  Both  ?  and  E  are  doing  hard  left 
turns  since  F  Is  pursuing  and  E  evading.  It  is  very  obvious  that  E 

f? 

has  the  wrong  role  i.e.  he  should  be  turning  right  to  attack,  not  left 
to  evade.  The  fixed  role  situation  happens  to  be  poorly  defined  for 
this  region  of  the  Barrier  and  is  causing  the  above  anomaly.  For  this 
‘  reason,  extensive  analysis  of  the  Barrier  In  this  region  Is  not  done. 
The  role  problem  is  discussed  later  in  Chapter  IX. 

A  computer  program  was  written,  using  the  equations  defining 
the  B  and  C  trajecto  y  types,  to  calculate  the  parameter  conditions 
that  result  in  the  interesting  Barrier  trajectory  closure  on  the  y 
singular  axis.  The  results  of  these  computations  are  shown  in 
Figures  26  and  27. 

Figure  26  shows  the  maximum  value  of  JL-  for  closure,  versus 

feP 

the  combat  velocity  ratio  for  fixed  turning  radius  ratio  Sb- 

vP 

The  results  are  based  on  @e>  &p  •  The  significance  of  "max" 

is  the  following:  for  a  given  24?  and  (i.e.  ©g.  =  24§  Bp 

Vp  *e  6>P  vp>e 

if  the  actual  is  larger  than  the  max  jL-  ,  then  closure  is  not 
Rp  K?p 

possible  (see  Figure  2'<  for  example).  Superimposed  on  the  data  are 
lines  of  constant  g  ratio, 

Below  the  dashed  line,  the  escape  trajectories  are  non-singular  i.e. 
type  B.  Above  the  dashed  line  the  escape  trajectories  arc  partially 
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singular  for  E,  i.e.  type  C.  Computer  results  showed  that  the 
switching  of  E  to  the  non-turning  singular  control  always  occurred  at 
the  point  where  E  node  a  quarter  turn  in  real  space.  Knowledge  of 
the  dependence  of  the  closure  point  on  the  state  of  the  game  (i.e. 

Figure  27)  ue -ether  with  the  above  optimal  control  information  yields 
the  following  closed  loop  control  Barrier  escape  laws: 

(1)  At  the  y  Barrier  closure  point,  both  F  and  E  pull  max  ejs 

(2)  Provided  E  has  not  already  grazed  (i.e.  B  type  trajectory), 
E  switches  to  the  nou-turnlng  singular  control  at  the  90*  point  in 


Figure  27  shows  the  closure  X-  dependence  for  the  lower 
right  region  of  Figure  26  -  a  region  of  practical  interest. 

Some  general  comments  can  be  made  about  both  Figures  26  and  27: 

1)  As  Se.  goes  to  infinity  (i.e.  »  0  and  E  can  turn 

Re 

Instantaneously),  the  closure  conditions  are  the  same  as  for  the 
Limited  Pursuer  model. 

2)  For  points  above  the  dashed  line,  E  is  not  pulling 
terminally. 

3)  <js/p  i*  greater  than  one  (1). 

A)  Note  the  parallel  tendencies  of  the  Xr  and  8^4,  curves. 

Hp  r 

The  effects  u>  the  closure  conditions  of  making  E  more  realistic, 
can  be  seen  from  Figure  26.  Not"  that  the  "sfe?  nax  vfliue  is  always 
less  than  that  value  for  the  Limited  Pursuer  model  i.e.  the  decreased 
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capability  of  £  requires  less  capability  of  P  to  insure  capture. 

A  specific  case  helps  to  point  this  out.  Take  the  case  vhere  s/p=  600 
Cljyr  (i.e.  RP  -  4C00  ft)  and  let  ^  -  .9 

Figure  7  or  Figure  26  (  5-2.  =  <se  )  shows  that  ^LC,  nnax  equals  .445 
TSe 

in  the  Limited  Pursuer  model.  Assume  that  in  an  escape  maneuver  that 

OL_l  c  =  7«  (i.e.  a  structural  limit)  implying  that  9±S_  -  —  - 

61  °  CU.p  5 

•  1.4.  Figure  27  then  shows  that  ms*  «  .114  -  a  considerable 

_ reduction  in  the  required  capability  of  P's  weapons  system  to  insure 

capture. 

Having  examined  the  basic  Barrier  shape  and  the  closing  conditions 
of  interest,  we  now  examine  the  sensitivity  of  the  closing  conditions 
in  an  attempt  to  learn  more  about  the  parameters  most  Influencing  the 
combat  outcome.  We  begin  by  constructing  a  "realistic"  combat  situation 
similar  to  that  used  in  Chapter  V. 

Consider  a  combat  engagement  where  P  is  a  Mach  #  ”  .8 
at  30000  ft  altitude  (i.e.  Vp  »  800  ft/sec).  It  is  assumed 
that  P's  tracking  ability  limits  him  to  a  3  ej  maneuver  (i.e. 

•  6600  ft).  It  is  further  assumed  that  in  an  evasive  situation,  E 

can  sustain  6^s  (i.e.  &/p  “  2.).  It  is  further  assumed  that  the  gun 

capability  of  P  is  effective  at  £  “  1400  ft.  (i.e.  ■  .212).  To 

guarantee  that  the  Barrier  does  not  close.  Figure  27  shows  that  P 

must  have  sufficient  velocity  advantage  to  have  ye.  <  .9. 
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Figure  27  also  shows  that  at  Y§_  -  .9,  -^-  ■ 

'“'p  Rp/c 


Implying  that 


3230  ft.  Mote  that  this  yc  is  within 


pilot  visibility,  yet  not  so  lar  away  £rom  F  that  E  could  be  inside 
this  point  under  a  surprise  engagement. 

Considering  this,  or  any  other  specific  engagement  condition, 
we  are  interested  in  the  best  ways  that  F  and  E  can  improve  their 
combat  capabilities.  These  combat  capabilities  are  given  analytical 
measure  through  the  distance  y£  :  a  decrease  in  yt  indicates  a  more 
capable  evader  in  that  E  is  closer  to  F  and  yet  escapes;  a  larger  yc 
indicates  a  more  capable  pursuer  in  tltat  E  must  be  farther  away  from  F 
to  escape.  The  parameters  under  P's  control  arc  -2. t  Vp  and  Qj_p  . 
The  parameters  under  E's  control  are  V£  and  Oj_E  ,  Improvements  in 
E  are  examined  first.  As  an  example,  we  begin  with  the  "realistic" 
combat  engagement  just  discussed. 

Since  JL  *  .212,  E  does  not  want  to  change  the  parameters 
Rp 

to  bring  the  combat  condition  below  the  .212  line  i.e.  escape  is  not 
possible  if  E  docs  this.  Since  V5^/p  “  *9»  then  '/c  »  3230  ft 
(i.e.  *  -WO).  Two  cases  arise  here:  actual  y  >  yc 

or  actual  y  <  yc  .  In  the  y>yc  case.  Figure  27  indicates 

several  possibilities  for  E  to  escape: 

1)  Since  y  >  Y,  ,  E  can  remain  on  the  totally  singular  y  -  axis 
until  F  closes  to  where  y  -  yc  •  3230  ft.  At  this  point  E  initiates  the 
required  6^s  (i.e.  $e/p  «  2.0  required  for  escape)  turn  and  P  does  a 
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3  g  turn.  The  result  is  that  E  escapes. 

2)  Since  y>y,  (i.e.  assume  »  .550  >  ■  .490 

«P 

where  .490  is  that  Vt  for  £>=/p  »  2.0),  Figure  27  Indicates 
“p 

that  E  need  not  wait  until  )>/—  <•  .490  to  escape,  but  could  escape 

'  “P 

*t  ^ep  “  *550  provided  |)E/p  —  2.27  i.e.  ej£  =£  6.8  gs  . 

E  could  also  reduce  ^  (i.e.  )  on  the  7  -  singular  axis 

while  P  is  closing  (i.e.  while  ^Cp  *s  reducing  below  .550). 

This  will  reduce  the  required  §£/£,  for  escape  below  2.27  yet  not  as 
low  as  2.0.  In  essence  E  is  trading  his  velocity  for  a  lesser  value  of 
,/p  to  escape.  The  net  result  is  that  if  E  chooses  to  escape 
at  a  ^/sp>  •i*90>  b7  either  option,  it  will  require  c)B/p  >  2.0. 

3)  The  final  option  is  that  if  E  has  the  &PS  advantage,  he  can 

Increase  V'e/v,  while  P  is  closing.  For  example,  if  YS-  can  be 
P  Vp 

Increased  on  the  7  -singular  axis  to  .91,  then  at  -%£>  »  .212 

KP 

the  required  conditions  for  escape  are  ?*■  •  .480,  ?)e_  ■  1.95. 

«gp  P 

Hote  this  allows  E  to  be  closer  to  P,  use  less  than  6 g-s  ,  and  still  escape. 
If  we  continue  to  assume  that  a  smaller  yt  indicates  a  better  evader, 
then  in  the  7  ■>  yc  case,  3)  is  the  most  attractive  improvement  for 
E.  Rote  here  the  Increased  emphasis  on  velocity  and  reduced  gs  . 

In  the  7<Ye  case,  E  must  reduce  yc  .  Figure  27  indicates  only  one 
option: 

1)  Increase  \/_  (i.e.  ).  This  will  decrease  y  and  the 

*■  Vp  c 

c(s  required. 


Hote  again  the  increased  emphasis  on  larger  velocity  and  reduced 
Improvements  in  P  are  examined  next. 
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The  sane  "realistic"  conbat  engagement  is  assumed.  Ue  now 
examine  the  effects  of  increases  in  £  ,  Vp  aid  QXp  on  escape  . 

Since  ^r-,  max  »  .212  (  B  ■  6600  ft).  Figure  27  shows  that  any 

r 

increase  of  J)  makes  _X-  >  X-  max  and  escape  by  E  Impossible  unless 

Bp  Bp 

E  Increases  {at  «  .9)  or  increases  Yg.  (at  “2). 

This  is  advantageous  from  P's  design  standpoint  since  it  forces 
E  to  higher  and  Jig/  to  escape.  Note  also  that  it  can  increase 

V/p 

Ye/gp  .  For  example,  consider  a  100  ft  increase  of  £  to  1500  ft 

(i.e.  ~  -^°  ■  .227).  If  E  increases  Oi  to  escape.  Figure  27 

/Ep  W»oo  t 

shows  that  Ye  equals  .520  yielding  yc  »  3430  ft  -  a  200  ft  increase 

«P 

in  Yc  • 

Now  consider  an  increase  in  V,  of  25  ft/sec.  The  new  is  72Q 

r  Vp  82S 

■  .873  and  at  the  same  Figure  27  yields  max  •  .197. 

Now  Bp  equals  8252/3{32,2)  -  7050  ft  and  the  actual  is  -  .198. 

Therefore  is  approximately  unchanged  at  .49  yielding  yc  ■  3450  ft 

-  a  220  ft  increase  in  yc  . 

Finally  consider  an  increase  of  <3j_^  by  i.e.  0^=  3{^2.2)-+- 

30  =  XOb.(o  .  Then  equals  6(32.2)/106.6  »  1.81  and  Figure  27  shows 

H'fZp  *v'd.x  «*  .190.  Since  R?p  equals  S002/106.6  ■  6000  ft,  the  actual 

is  1400/6000  «  .233.  Under  these  conditions  Figure  27  shows  that 
escape  is  impossible  unless  E  increases  dx  or  .  If  E  Increases 
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enough  to  escape  then  Jfc,  «  .535  and  Vc  »  3210  -  a  decrease 

Kr 

of  20  ft  In  yt  .  If  E  Increases  V£  enough  to  escape  then  bi  »  .49 

Rp 

and  yc  -  2940  ft  -  a  decrease  of  290  ft  In  yc  . 

Summarizing  these  cases  ve  find: 

V  For  a  1  ft  increase  of  J?  ,  yc  Increases  2  ft 

2)  For  a  1  ft/sec  Increase  of  Vp  ,  yc  Increases  8.8  ft 

2 

3)  For  a  1  ft/sec  Increase  of  0Xf>  ,  yc  decreases  2  ft. 

Hote  that  In  each  case  of  an  Improvement  to  P,  that  E  Is  captured  unless 
he  Improves  Qj.e  ,  etc.  Assuming  that  this  Increase  in  Gj^is 

within  E's  capability,  the  results  Indicate  that  an  increase  of  Vp  is 
the  best  improvement  to  make  to  P.  Since  E's  strategy  for  Improvement 
is  clearly  to  increase  VE  ,  this  also  suggests  that  P  should  consider 
increasing  Vp  .  Apparently,  the  aircraft  with  the  greater  will 
have  the  advantage  in  improving  the  combat  condition  in  its  favor. 

7.  Model  and  Barrier  Conclusions: 

1)  In  this  model,  E's  dynamics  was  made  more  realistic  by 
limiting  his  turning  rate.  As  with  the  Limited  Pursuer  model,  this 
decrease  capability  of  E  was  reflected  in  the  parametric  conditions 
causing  Barrier  trajectory  closure.  Again  it  is  pointed  out  that  the 
Barrier  is  a  tool  that  does  analytically  reflect  the  combat  capabilities 
of  the  players. 
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2)  In  this  model  the  control  laws  ere  more  refined,  but 

still  reflect  the  combatants  attempts  to  align  their  velocity  vectors 
along  the  line  of  sight  F  to  E.  Closed  form  control  laws  for  the 
important  cases  of  Barrier  trajectory  closure  were  found. 

3)  Sensitivity  .analysis  of  the  Barrier  continues  to  show  that 

is  the  most  important  parameter.  Figures  26  and  27  optimally 
reveal  how  turning  0S  ,  velocity.  P's  gun  capability,  and  relative 
position  affect  the  outcome  of  a  given  terminal  combat  engagement.  Its 
application  to  relative  e.'aluation  of  fighter  aircraft  is  discussed 
in  Chapter  VII. 

3D  Limited  Pursuer-Evader 

In  the  3D  Limited  Pursuer  model,  the  out-of-plane  optimal 
maneuver  for  the  case  of  a  highly  maneuverable  evader  was  examined. 

The  optimal  maneuver  was  shown  to  be  the  "'lice  maneuver".  The  Intent 
of  the  present  model  is  so  examine  the  c.it-of-plane  maneuver  for  a  more, 
realistic  evader,  who  like  the  pursuer  i *  also  limited  in  turning  rate 
and  must  control  by  0s  end  bank  angle.  Williamson-Noble  [15]  partially 
examines  this  problem  in  the  realistic  ten  (10)  dimensional  space 
The  10-D  jj  cakes  characterization  of  the  3D  maneuvers  and  associated 
controls  extremely  difficult.  Williamson-Noble  also  alludes  to  a  problem 
with  the  model  near  a  tall  chase  situation.  He  attributes  this  to  the 
singular  surfaces  near  this  position. 
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Figure  28:  3D  Coordinate  Systen 
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The  state  equations  ate 


V6sinij..  cos^  —  <*  Vp  y  cos^s 


VE  cos  <p  -vp-t-  o<  vp  3c  cos^ 
l?p 


(6.103) 


cos^  -  o(^£  cos^-4>) 
sin^sintp  +  JL  j-VEsiv»tpsin 


Note  the  physical  meaning  of  the  states  and  controls: 

V  -  distance  from  y  -axis,  to  E  In  the  plane  of  \£  and  r 
y  -  distance  along  y  -axis  to  E  In  the  plane  of  and  £ 
y.  -  angle  between  j/  and  V£ 

jl  =  0-Q  —  angle  from  X.  -axis  to  projection  of  V£  onto  the  £-*  plane 
<J>  -  P's  bank  angle  from  X.  -axis  to  position  of  Qj_p 
Oj-  E's  bank  angle  from  x2-axis  to  position  of  3.d.£ 

Three  Euler  angle  rotations  are  involved  In  defining  the  above  angles: 
first  a  counter  clockwise  rotation,  &  ,  about  the  y  -axis;  second 
a  counter  clockwise  rotation,  vp  ,  about  the  ^  -axis;  third  a 
counter  clockwise  rotation,  ^  ,  about  the  y2  -axis.  These  Euler  angles 
are  defined  more  explicitly  In  Appendix  B. 
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It  is  instructive  to  note  that  for  %  »0,  the  first  three  state 
equations  of  Eq  (6.103)  reduce  to  the  state  equations  for  the  2D  United 
Pursuer-Evader  model.  By  conparison  to  the  2D  Limited  Pursuer-Evader 
model,  the  added  fourth  dimension  for  the  3D  problem  is  therefore  seen 
to  be  *2,  . 

2.  Problem  Setup: 

In  the  reduced  space  %  ,  the  terminal  surface  is  three  dimensional. 

It  can  be  thought  of  as  a  set  of  circles  of  radius  JL  -  one  circle  for 
•  each  of  the  velocity  angles  y  and  ^  .  Its  usual  description  with 

Eq  (2.3)  is 

ft*  M  =  TcCif)  +  y5«f  )--£*  =  ©  (6.104) 

where  f  Gfc^)  and  ??  (jk^  )  are  free.  ^  can  also  be  described 
with  Eq  (2.19)  as 

XlC±(_)  =  1^(5)  =.  ism  Si 
y(^}=  hjVS.')  =.  AcosS* 
h3(*t  =  Sj 

^  h4(S)=  ~.3  (6.105) 


5:  =  S* 


(6.106) 


Spwffggpg* 
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The  controls  for  the  pla»  ers  are 

r<*i 


^  =L?  J  *  ^«l>]  <6-107> 

and  the  costate  vector  X  la 

\ 

A.  -  N 

X*  (6.108) 

Kl  •  ■ 

As  vith  the  other  models,  the  roles  of  the  players  are  preselected 
by  choosing  (j)=:  o  ,  L:1  with  P  minimizing  and  E  maximizing. 

3.  Application  of  Necessary  Conditions: 

ME1  becomes 

°  -  SPCrl  r'10-*  1  Xv  f  Vj-StnUJCoS  S;  -  «<^e  V  COS  $]  + 

x>-  E  T  TJ 

+  LVE.Cos<f' -vp-<-  °<2^e.  Titos $]  -+■ 

Rp 

**■  XyCS^.COS--  -  «<^E  COsC^-^O  +■ 

O  Rp 

+  H[&-^,'"2>S'nV}>  -1-  v  Sin$-V£si04>sm  2;)]+lj  = 


mCm  M„  max  M  ■+.  H- 

c*.«o  r  <*,.&>  e 

(6.109) 

Wp=  <=<^Z  [ACC6?+  B  Sm 

(6.110) 

xXy-^  X*- XyCos%, 

(6.111) 

B  =  I\r  Xrsm^ 

(6.112) 

*"*e  *  &  ^  j^X^svn^s.m^  -+-  Xy  cos^J 

(6.113) 
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H^=  1-  vpXy  "*■  V/EL^S,n1'  tos^  +  XyCt»Y  -  b^t  sirupsinSjJ 

"*■  -  (6. 

The  max  He  conditions  subject  to  the  constraints,  Eqs  (B.86)  and 
(B.88),  are 

3*  =  WC^sio^sin«p  +  X,pccs^)  (6.115) 

where  h  is  the  Heavyslde  step  function.  Notice  the  singular 
possibility  if  X^£>tri^Slov|j  -f  X^ccs^cro  for  a  finite  tine. 

It  is  also  necessary  that 

=  3  ve  f  X  sinvp  tos  -  X^  smo  "1  =  o 

-5a  c;L  *2,  T  C>  T  <5  J  (6.116) 


(6.114) 


inplylng  that 


Van  a  = 


(6.117) 


*  ±  Xb.-s.mvw  *  ± 

SIW\  =  —  ■■  v  COsX  =  7=S 

O  K*  .  7TT  ®  /Ta 


(6.118) 


a  "  ‘  -  rf?  =--  --r  *■ 

;X|,H.A^sinijj  y  ^  ■*■  A^sm  4J  . 

Substituting  Eq  (6.117)  for  into  Eq  (6.115)  yields 

&*  =  I"  (\v-(ran|  smoV  X^cos^*)  =  \oQ^_)(6.h9) 

It  is  further  necessary  that 


0>  5Me  = 

si 


!,e  (6.1 


t.t?"*.' 
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,  •* 

implying  that  H£  >  O  .  The  plus  (+)  sign  in  Eq  (6.118) 
must  be  chosen  to  cake  Eqs  (6.119)  and  (6.120)  compatible.  Jn 


this  case  the  controls  are 


*  X^SIQI^ 


1 -w  Xft-sin*y 


4r 

“S5  ^ 


(6.121) 


J  X^-t-  X^sin’ip 


with  a  singular  possibility  if  X^.Sin'^'Siny -*-  Xvj>cos^  =  o  for 
a  finite  time. 

The  min  Mp  conditions  are  similar  to  the  max  U£  conditions 
yielding 


1  G 


«■<  .  s  In  £  -(_ACOS^4-  ©510^)^ 


(6.122) 


with  a  singular  possibility  if  Acoi<t>+'5s>n^  =  o  for  a 

finite  time.  Now  SH'p  s=  O  implies 
Q<t> 


•fcovi  $  -  JL 
A 


(6.123) 


Sim  $  =  . 


'  A%-  B 


,  Cos^o  =  . 


4  k  (6.124) 
’  A2-*-  B.1 
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Substituting  Eq  (6.123)  into  Eq  (6.122)  yields 

**=- hL-c^*)]  .  ( 

It  is  also  necessary  that 

o£§iie  =-up  t 

a$’  p  ( 

The  minus  {-  sign  in  Eq  (6.124)  makes  Eqs  (6.125)  and  (6.126) 
compatible  yielding 


(6.125) 


(6.126) 


*■ 

Cf\  =  -*  A. 


Q 

Sir)  4>  = _ Zjl _ 

/A*+  B  z 


,  cos  4>  =  ~  A 

J  A*-t-  B* 


(6.127) 


with  a  singular  possibility  if  Acos<j>-t  Bstn$=o  for  a  finite  tine. 
Appendix  B  shows  that  the  singular  controls  are  the  same  as  in  the 


2D  model. 


Substituting  the  optinal  controls  into  ME1  yields  ME2. 


/TVb5  +  ^  />  *  *  X*s,n2y  '  -4-  W„  =  o 


'6.128) 


The  costate  equations  are 


Q  v  sin$-VEsin>fsio%,)-o<2±  X  cos$ 

*  Rp  » 

V,  «^E  (  X^con.$-2^  sin<p) 

•  '  Rp  X 

\  -  Y 

~  iy  v£(XySin<p+j^  cosyiu  V^ovpcos^-S^X^smyoscp 
^  X.  G>  »  «* 


SS5SS558I 
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4. 


The  transversality  conditions  ^  X,  olhL('S)  _  <34^.-  *  =  O  yield 


Cil 

(6.129) 

J«  1 

Xj, 

.Gt^ico&s^  -A  Sin  Sx  =  o 

(6.130) 

or 

xY 

—  "tan 

if 

j  =  * 

=b 

y' 

< 
r— n 

£ 

u 

0 

(6.131) 

a-* 

=?> 

vv  =  ° 

(6.132) 

4.  Problem  Backward  Solution  From  ^  : 

Appendix  B  contains  a  major  portion  of  the  analysis  of  the 
backward  solution  froa  ^  of  which  the  following  is  a  summary. 
On  the  terminal  surface  £  the  controls  are 


ifft- 1  =  s»nH>tanSAtanv)>  sinfe, 


■fcon^  -  'tan  stcos  % 


(6.133) 


S£n[cosj^i)  =  -Sj,r>Ccc.sS1)-5ain(,sin^--ij3nS:1cos>pcos^) 


SS'"'LVPCOS^1  -  ve  (cosSj^ios  y  +  "Sin-Sj  si  ny  cos  5,  )J 


(6.134) 


"tar><j>  =■  CPS  ^  coS.^,  SurS, 


^  -cosipsm  -g. 


(6.135) 


S^n[cos?C^]  =  Sft"C«y>SA)  sa^C^i-  Cosy  *.0*3.) 


S%r’LVi,COsSl ”  '4CcosSxCOSlf  ■*" Slr1  SXSI ny  cosO] 


Tf 
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The  singular  controls  of  the  present  3D  model  are  the  same  as  the 
singular  cases  in  tha  2D  Limited  Pursuer-Evader  model. 

Before  proceeding  with  the  backward  solution  and  mapping  the  controls 
c-  •  the  following  two  theorems  are  proved. 

Theorem  1:  If  in  the  backward  solution  S;(T)=o  and  XmCT'Js- o 
for  some  T=  T ,  then  5;  and  remain  zero  forT>T'and  the  problem 
is  planar  for  T»t'  . 

Proof:  ^Cx)  =  X^(.t')=o  and  E^(6.112)  =5>  BCt>o  and  E^(fo.m)=? 

4k  _ 

Sm${T)eO  ,  COS<KT)-_sgnA  .  Also  Eq  (6.!21)=>  SI0^CT)=0  ,  tOSjCT^  S^nA^CT'i. 
The  state  Equations  (6.103)  therefore  become 
X.CT  )  —  \/& sin  >|)  ■+.  aCt') 

Y£t')  =  V&Cosy  -  Vp  -  VE.-VL  sqn  ACT') 

'P  l'T  ^  \U')  *■  Vp  SQn  A  Ct') 

2:Ct')  s  o 

The  costatc  Equations  (6.129)  become 

-  VP  X  .  San  A  Ct') 

Rp  '  Q 

XyCO  «r  -  Vp  Xk  sgn  ACT') 

Xij_Ct  )  —  VE  (.  s>ny-  Xj^co-mvp^ 

A^CT’)  =  o 


WBrwnujMVH 


"TW  «t*  »*•*« 


*..  v--'W-»  -wv*^'  -r  *>'.h»  ^  /  .-  ♦»,  w ;  "'•  ^W'jp«j!>  "**-•'  '  "*■'■•  **«**« 


•-«*»«*  - 
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Since  2,(.T )  =  X^Ct')  =  0  =^»  3*1x1  =  X^Ct)  =  o  for 
TzT'  and  sim4>*Ct)  =  0  ,  cos  $  CT)  SS  -  ^.^rt  A  Ct)  , 

SiW^CT)  =  ©  ,  (.Os^*CT)=  s^X^Ct)  ior  T>T'  , 

As  such,  the  above  state  and  costate  equations  are  identical  in  fora 
to  the  state  and  costate  equations  (l.e.  Eqs  (6.1)  and  (6.22)  of  the 
20  United  Pursuer-Evader  model,  g 

.  4-»  . 

Theorem  2:  Let  i  I  «  Iril  and  let  K.  CT)  ,  YCr)  (  y  CT)  t 
+ 

^(y)  t  <P(X)  (  (T)  represent  the  backward  solution  for  t  . 

Furthermore  let  2;  j  -  -I?,)  and  let  KfE)  ,  -/(T)  (  vp  (T)f 
% 

2,  CT)  (  $(T)(  Ct)  represent  the  backward  solution  for  2,  |  ^ 

Then  kf  CT)  =  xVl  ,  V^T|=  y*(T) ,  ^“(r)  s  iff(T )  t  %  (T)=  -  ^V), 

$CT)=-$(T)  and  ^ &"J  =  -^+Cx)  ' 

Proof:  Eq  (6.103)  shows  that  X  ,  V  and  remain  unchanged  provided 

•%M  ew 

cos  4*  •  cos  2;  ,  cos"\  and  cos  (5; -4s  )  remain  unchanged.  Eq  (6.103) 

*  ^  ^ 
shows  that  will  change  sign  if  sin  ^  ,  sin  2  »  end  sin4>  change  sign. 

Eq  (6.121)  shows  that  the  above  conditions  on  sin^  and  cos^  will  hold 

provided  X^  is  unchanged  and  A,^  changes  sign.  Eqs  (6.111),  (6.112)  and 

AW 

(6.127)  show  that  the  above  conditions  on  sln4>  and  cos4>  will  hold 
provided  Xy  ,  and  Xu  remain  unchanged  and  X5  changes  sign.  Eq  (6.129) 
shows  that  under  the  above  conditions  X^t  and  X^ remain  unchanged  and  X^ 
changes  sign.  As  such,  all  the  above  conditions  arc  met  and  the 
backward  trajectory  2  symmetry  as  stated,  is  proved.^  We  now  continue 
with  the  backward  solution  and  reap  the  controls  on  ^ . 


r 
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Eqs  (6.133),  (6.134),  (6.135)  and  (6.136)  define  the  optimal 
■V*  * 

controls  <p  and  £  on  £  .  V-  cue  denominator  of  Eqs  (6.134)  and 
(6.136)  the  term 

3  VpCoss^ VE  C  cosSitosip-*-  sms1sinyc©sS()Jt^6'137* 

appears.  It  will  be  shown  later  that  f-|^  >  O  defines  the  UP  of 

£  ,  r-J  <  to  defines  the  NUP  of  £  ,  and  f]  ro  defines  the 

M  if 

BUP  on  £  .  Therefore,  on  the  UP  of  £  Eqs  (6.133),  (6.134),  C6.135)  and 

(6.136)  become  (note  that  for  vp>i  ,  vf>  >  cosq>-s»n>\  ) 

VE  ve  ‘ 

1  '  (6.138) 

-  ossV  sm  g,  1^ 

S^n[<_os?Ct^]  .=  S^nC^.ni^  (6>13„ 


"tan-xY =  ~^onSi  sir>V  snn  I 

^  Sun  y-  tonS3.Cas.41  cos  % 

V 


(6.139) 


(6.140) 


SQn[tOS,^V]  -  -  SgnCcosS1.)'Sgn(.siny--}cinS1CCS^COS^)j  . 

(6.141)  * 


m 


.  *• 

Another  expression  for  Tar\<j>ft^  can  be  obtained  by  subtracting  tan% 
front  both  sides  of  Eq  <6.138)  l.e. 

‘tcun  $  (t^)  -  f  1  -  ^  ~  J  (6.142) 

^•-cosYs,n\ 


iSyi’>*.i’  *  J  Vn»>n!C',V  FJ^V?  T-VT"**  >-.■  '?-  frt6^*SA.'*y«*  ,-Jft-V  *- 
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^1 


i? 


ill 


if 


ii 


if 

1  3. 

41 


ii 


Si 


1  fi? 

f  ^ 

;1 


Eq  (6.142)  shows  that  on  ^  ,  <£>  la.^s  H  •  For  small  r. 


Eq  (6.142)  can  be  approximated  by 


ton  ?*Uf)  tan  2,  [  ^  cosy]  I 

*< 


(6.143) 


or  even  more  crudely  by 


(6.144) 


4»(t^  -  ^v035^!, 

vp  !  tj. 

For  small  2;  (i.e.  0  -  10*),  ^E.  .9 

VP 

/St^| 

‘and  l<f|<  25*.  Eq  (6.144)  Implies  <j>  tt^)2i  .8  3;  CO  • 


For  a  given  .  S,  ,  and  2,  ,  Eq  (6.137)  equated  to  zero 

v& 

defines  the  BUP  and  is  quadratic  In  sin  y  yielding 

SinU)  _  +QQS1Co-siZ,  ±  /iqn'IS1COSZ^-[(^e)-l]  (6.145) 
^  1  ■+■  'ton*Si  cos1  2, 


The  two  <+>,  solutions  on  the  BUP  exist  provided  the  radical  is 


ton  Sj  < 


@0- 


(6.146) 


COS2  % 


•  *-»y  i."WM»niy«u  aai;  siwMKi'. 


7 
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A 


It  will  be  shown  later  that  the  controls  on  the  BUP  have  the  same 
form  as  Eqs  (6.138)  -  (6.141);  however,  because  Eq  (6.137)  equated 
to  zero  holds  on  the  BUP,  _^£.  can  be  eliminated  from  Eq  (6.138) 
yielding 


V  t  .  i ! 


p-v  cos 5,  I 


W  to«s1to«v{.+  c0s%  jBup  . 

An  expression  for  tan(.  $-%)]  car  also  be  derived  and  la 

I  sup 

toxiC  I  =  -  Sm?:4a'qS,.-t:olrv«<;  (6.148) 

BuP  1.  +  cos  r‘-toos.^arni' 

T  BUP 

Note  again  that  <$>  lags  and  for  small  that  d>|  c=i  2; ) 

'  BUP  <£ 

A  computer  program  was  written  to  compute  the  BUP  and  map  the 
UP  of  £  and  the  BUP  with  the  optical  controls.  Results  of  a  typical 
computation  are  shown  in  Figures  29  and  30. 

Figure  29  is  a  plot  of  the  BUT  (in  the  area  of  )£  of  practical 
interest)  for  ^£=.9  and  ^  -  30*.  The  dashed  line  is  the  BUP  for 

VP 

%  m  0°,  Note  that  the  effect  is  to  increase  the  area  of  the  UP 

of  ;  however,  even  for  a  2;  of  30  degrees  the  effect  is  snail. 

Figure  30  is  an  enlarged  portion  of  an  area  of  Figure  29  of 

_»  . 

practical  interest.  On  they  axis  is  plotted  <£  ((•,)  and 

+  * 

As  can  be  seen  from  Eq  (6.138),  foi  a  given  ^  and  ^  ^  (t^)  is  only 

a  function  of  yC^f)  .  Not.  that,  as  suggested  by  :  :s  (6.142)  -  (6.144), 
C slightly  lags  ^  .  There  arc  two  numbers  plotted  at 
each  l  Sx  )  coordin.-.:?  in  the  UP  of  ^  .  The  uncircled  number  is 
which  is  measured  from  the  2,  plane.  Nott  that^Cy  very  slightly 


Wa8SJWWSBPB^a*?a 
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lags  *2;  .  ‘The  circled  number  is  ^  (t^)  -  £  4>  Lip  —  ^  "J  . 

This  latter  number  is  small,  implying  that  P  and  E  are  banking  and 
pulling  cjs  in  approximately  the  saae  direction  i.e.  a  direction  that 
slightly  lags  "2,  .  These  results  are  suggesting  the  following 
approximate  3D  control  logic  at  termination: 

1)  P  should  bank  towards  E  slightly  lagging  the  relative  clock 


F-- 


angle  direction  in  which  E  is  going. 

2)  E  should  bank  very  slightly  lagging  the  plane  defined  by 
the  coincident  velocity  vectors. 

Note  if  both  P  and  E  play  this  pseudo  optimal  terminal  strategy,  their 
wings  will  be  approximately  parallel  i.e.  P  will  be  banked  just 
slightly  to  the  right  of  E. 


! 


To  see  if  the  above  approximate  3D  control  logic  applies,  not  only 
at  termination,  but  also  along  the  backward  trajectories,  the  highly 


coupled,  non-linear  state  and  costate  equations  must  be  numerically 
integrated  backwards.  Since  it  will  be  necessary  to  do  this  also  for 
the  BUP,  the  Barrier  necessary  conditions  are  developed  first. 

5.  Barrier  Necessary  Conditions: 

As  was  done  with  the  other  models,  we  first  examine  ^  and 
determine  the  UP,  NUP,  and  BUP. 

Define  \jJ  as 

£  r«T..T  ftr,  1 


yf  = 

% 


(6.149) 


M  "  S 
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The  normality  conditions  of  \T  on  1^  ,  ^  Qy  5^L(S)  =  o  ,  j  =  i.,2,5 


9«, 


yield  for 


j=l  =b>  OiCt^cosSj- lTy  C+^SinSj,  =  O 


^yL-k^)  =  © 


j  =  3  ■=?  ir^  £■£{)  =  o 


The  unit  vector  condition  implies 


(6.150) 


(6.151) 


(6.152) 


(j^  +  lTy  +-  (T^  -♦-  tr%)|  =  1 


(6.153) 


Substituting  Eqs  (6.151),  (6.152)  and  Eq  (6.150)  for  tf^Cfc/) 


into  Eq  (6.153)  yields 

\J"y  (fc()  =  Cos  SA 

Substituting  Eq  (6.154)  into  Eq  (6.150)  yields 

VJVcCtf'i  -  sinsa  . 

Expression  (2.28)  becoces 


(6.154) 


(6.155) 


nimmaK  £T4  =-  mOn  max  J  iT  fv '  sinocos-2;-oO£  v  cos£l, 

*  -  (<!».-)  <&,»!  *L  *■  T  v  J 

■+■  &/[ve,<Loi.y- Vp  +  w^e  X  Co-s$>  "1  4- 
•*  tfy[.vS.^E  cos^  “  °<  ^P-  cosC^-*!5)^  + 


..'rf'l 


v  «<  ir»*>  *  v*  **^W'/x‘  •-' 


’•*'~^-  wurv^  ’WWnWP'KCTW 
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+  sin^siny-*-  ^(."‘■■^  ^  5.in<>- = 


s  vnCvo  14P  4-  iviax  14,  ■*■  40 

*  r .-.  />  \  ^  v 


OK0') 


(£»&) 


vhece 


Mp  =  <*  }*£  f  A  cos  <£>  +  &  Si  n  4s  1 
K  EpL  J 

•  &  —  v.Oy  -  •y\r*.  -  tf^cos^ 

B  =  v_Uq.  -  ur^ sm  ^ 

»vj 

Ht »  g  ^  ^  V104 j] 

=  —  v/p\T,j  + VEJVX ii»-><4>cos5i  +0*yCosi|< -&z,  sini^sin S^J  (6.161) 


(6.156) 

(6.157) 

(6.158) 

(6.159) 

(6.160) 


The  sinilarity  of  Eqs  (6.156)  -  (6.161)  with  those  of  Eqs  (6.109)  - 
(6.114)  is  readily  apparent.  Therefore,  using  the  results  of 


section  3,  it  is  seen  that  the  Barrier  controls  are 

a*=+i 

~*  -R  -r  -  A 


■Sivn4>  =  ~r~~~ 


Av 's 1 


~  (6.162) 

cos$  =  - 

_  ^  'TfcV  "S.* 

with  a  singular  possibility  if  A  coS<t>-s  §1  Si*a</  =.  O  and 

S.nvy  %**+i  (os^=  _ £V _ 

^  /^yi+'34l  Sm->  ’  C>  /try1  +  vTjf  sio  V 

with  a  singular  possibility  if  ^  ^ 

Substituting  Eqs  (6.162)  and  (6.163)  into  Eq  (6.156)  and  evaluating 
Eq  (6.156)  on  £  yields 


(6.363) 


*nm  max 


.toss. 


*  S-Til6-  [-V. 

-t-VE.(,3.tr>S1SU'ltfl  COS  ^4-  COSSiCOSlt-)jJ 


& 


132 


*-^5  nr,  tYr^j  Tofll 


(6.164) 


\«wvyw^'<.  «*p*iW*s»S&**,*>  ■* 


?*• 


J  :-, 
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Eq  (6.164)  Implies  that  If 

1)  H0J  <0  then  iS±1N»,^)|  *  UP  of  £ 

*<  << 

2)  H01  «,o  then  { Sj.,  y ,  5j }  j  £  BUP  of  &  (6.165) 

IJ  '  IE, 

3)  H<J  >  O  then  f  S.  <W  fc,\|  e  W UP  of  £ 

&  ‘t, 


Note  that  Eq  (6.165)  Is  in  agreement  with  the  previously  assumed  Eq  (6.137). 
The  costate  equations  for  the  Barrier  are 

sin!}>-V&s:nysin^  -  3 it  O',,  Cos$ 

.  S  sm$) 

VT  »  a  rp  x  _ 

vk^.'JVs"n to^ysin^-  (J^cosipcos^)-B^  o^sirv^cosy 

tfb  •  UE.(.\J)/SinySi<i'a  -t-  £%  smycos^V^^e  ir^SinC?;- $) 

3  1  it  T  (6.166) 

As  was  pointed  out  in  the  other  models,  there  is  a  direct 
similarity  between  the  fora  of  the  necessary  conditons  for  the  UP 
of  and  the  fora  of  the  necessary  condition  for  the  Barrier  -  the 
only  real  difference  being  the  initial  values  of  the  state  and  costate 
variables  in  each  case.  With  this  similarity  of  the  necessary 
conditions  recognized,  we  now  return  to  the  numerical  integration  of 
the  state  and  costate  necessary  conditions  backward  from  the  UP  and  BUP 

o£  €  • 


DS/MC/73-1 


6.  Backward  Trajectories  from  ^  ; 

To  exhibit  the  ratios  ^  ®£  ,  .2L.  ,  X.  etc., 

VP  ^5p  1  Kp  '  »p 

the  state  and  costate  equations  vere  rearranged  into  a  new  form. 

The  new  states  and  costates  are  .  )L~  ,  3L- 

Vp  ‘  VP  '  Sp  '  ©p  ’ 


X  X  (  X^  and  .  Note  that  the 


new  states 


have  dimensions,  seconds,  and  the  new  costates  have  dimension. 


ft/second.  Also  note  that 


=  2L  ©„ 


v _ Y  a 

«P  "  ~p  P 

The  new  state  equations  become 


x. 


%  =  %  ©p 


(6.167) 


(vp)  =  Sin  vp  cos <X  &?(  ^)  <-°*& 

(vp)  -  ^pco^  -1  + 

j  =  <3  co-s.^  -  co%(4>'^) 

1-) 

/ \  =■  ^  sin  a.  Sintj/  •+■  of  ..  Y^—  Sir7<f> 

'  Sp1  ®r  d  (vp) 

P»  _ 


(6.168) 


—  _-v£ —  sinvjism^ 

©p(vP) 
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The  boundary  conditions  for  the  new  state  equations  are 

$-1  =  -Uj-Uns* 

VH  ©pl^p/ 


XI  -  JLM 


Vpl 

0p \  Ep/ 

- x 

41  - 

^C-fcf)  = 

s* 

ep’t. 

©p 

©p 

4-1  - 

z&)  = 

s. 

eVtj 

©p 

©p 

3-  -  =  Jjs  (6.169) 

®rt{  G>P  ©p 

In  the  case  of  the  Barrier,  the  state  equations  are  the  sane  as  Eq  (6.168) 
and  the  boundary  conditions  are  the  sane  as  £q  (6.169)  except  that 
S  ^  /  S2  and  s3  are  on  the  BUP. 

The  new  costate  equations  becone 

X*.  =  Cv-)s,n$  -  ~^r  Smysiw^l-  °<eF\y  cos? 

I  y  l  P  ©p  J 

^v%  (x*,  )  „ 

Xy  =  <*[>p\xcos$  - 

*  |  \  -i 

(~^)-  -  X^CO^t^CO^^;)-t-^-^-^CC=^r^.^5qJ  -t- 

~  5  ®E:(  —  )  Sin  9j COS  f> 

.  ,x  .  (6.170) 

(^)  -  ^[©pX^s.nS'S.n^  +  smyccx^J  + 

-p  C<  smC?-%) 


i»-.  !«****•'.<'*  »M*$S 

^.CTi»^^^.vtr^w;;g<regr{satS£.. 
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In  the  case  of  the  Barrier,  the  A^  in  Eq  (6.170)  sioply 

becone  the  vT^  .  The  boundary  conditions  on  the  nev  costate  variables 
are 


xKct^ 


Si 


(6.171) 


where 


I~  I  =  cosS,  -  ^  (coi,SiCostf>-4--s.ms1sinycos^;M 

vr4<  VP  '  4/ 

The  boundary  conditions  on  the  Barrier  costate  variables  are 


vrk(^  =  sin  5^ 

&y  ($()  =  COS  Si 

g±fffl  O  (6.172) 

^  *-4)  =  o 


where  is  on  the  BUP. 
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The  optimal  controls  take  the  form 


i--*-  _  CxViay) _ 

&  l/\  \i  rT7T5  Z 


Sirt^*  *  ~  _ 

o-**. 

}ourY-  t%,r 


V  M^vivx*Bt0“55' 


(6.173) 


In  the  case  of  the  Barrier,  the  opfraal  controls  have  the  same 
fora  as  Eq  (6.173)  except  the  are  replaced  with  the  i7t-  . 
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To  check  Che  optimality  of  the  backward  numerical  integration, 
the  numerical  value  of  !IE2  and  pseudo  KE2  can  be  computed  and  checked 
against  the  zero  optimal  value  i.c. 

fpj  =  -4  ~  4  V 

«dS2  \ 

-<-v6  ©  rX^.-sinU'CosS,-^  yvcoso.  I  -  smu.siv)£  ■+• 

fL  J  VP  (V 


(6/17 A) 


The  value  for  11.  pseudo  has  the  same  form  as  Eq  (6.174)  except 
Met 


the  -=■  term  is  dropped. 

•m* 

The  player  parameters  required  to  define  the  new  state  and  costate 

equation  are  ^5  }  &p  and  .  The  player  parameter  required 

for  the  new  state  boundary  conditions  is  B—  .  Note  that  it  does 

J2P 

not  take  a  player  parameter'  to  define  the  costate  boundary  conditions, 

Eq  (6.172),  for  the  Barrier.  Therefore,  in  the  five  dimensional  vector 

apace  f  Ve  vp  ©p  ,  ©e  ,  £  1  the  parameters  ,  B~ 

(■  ‘  *  r  J  Vp  "  ’  ep 

form  a  vector  subspace  of  one  (1)  dimension  i.e.  a  given  Barrier 

trajectory  in  the  new  state-costate  system  will  correspond  to  a  family 

of  Barrier  trajectories  in  the  original  state-costatc  system.  However, 

the  costate  boundary  conditions  for  the  UP  of  ^  ,  Eq  (6.171),  requires 

the  added  player  parameter  which  makes  each  trajectory  from  the  UP 

in  the  new  state-costate  system,  corresponds  to  only  one  (1)  trajectory 

in  the  original  statc-ccstate  system. 
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A  computer  program  was  written  to  solve  the  new  state-costate 
equations  backward  from  the  UP  and  BUP  of  £  .  A  fixed  step  Runge- 
Kutta  Integration  technique  was  used  to  numerically  integrate  the 
differential  equations. 

To  demonstrate  the  results  of  Theorem  1  and  to  provide  a  check  on 

the  program,  a  Barrier  computation  for  ^  »  0  was  done  for  which  the 

closed  fora  solution  is  known  i.e.  a  Limited  Pursuer-Evader  model  case. 

Tbi  specific  parameters  used  were 

&*/A.  -  1.25  and  k  ’  -25. 

Kp 

A  fixed  step  of  .1  second  was  used  in  the  numerical  integration. 

^  remainea  on  the  order  of  10  ^deg  and  remained  on  the  order 

6  V 

or  a.  X  ru  sec.  <p  and  ^  were  on  the  order  of  1.  x  10~ ’degrees. 

Had  the  'numerical  integration  been  pcriormed  exactly,  these  variables 
would  have  been  exactly  zero.  These  results  demonstrate  Theorem  1  and 
provide  a  check  on  the  computer  program.  Non-zero  ^  trajectories  were 
then  examined. 


.95, 


.2 


ro& 


sec  > 
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Figure  31  shows  sample  control  history  results  for  trajectories 
backward  from  the  BUP.  Three  specific  cases  are  shown:  1*, 

15*,  30*.  The  parameters  for  the  problem  are  the 

same  as  in  the  z5  C'tpi  »  0  case  previously  discussed.  In  each  case  &(X'  , 
$Cr)  and  -3*CT)  -v^(T)  are  plotted.  All  these  trajectories 
exhibited  the  trend  to  graze  ^  and  go  to  the  right  and  back  of  'Q  . 

The  trajectories  were  terminated  around  T«10  seconds  as  is  negative 
(i.e.  for  large  negative  the  present  fixed  evader  roll  probably 
does  not  apply) .  In  each  case  the  following  trends  are  noted: 

1)  2,  Or)  is  reducing  to  zero  and  appears  to  be  doing  so 
asymptotically. 

2)  <p(.T)  slightly  lags  r,CT) 

3)  £jCXl  very  slightly  lags  ^(t  j 


It  is  Important  to  note  that  the  approximate  3D  control  logic  that 
exists  on  continues  for  the  backward. trajectory.  Here  it  can  be 
seen  how  the  reduced  space  concept  has  greatly  helped  the  characterization 
of  the  3D  controls  that  would  otherwise  be  extremely  difficult  in  the 
10D  realistic  space. 

Because  these  trajectories  (including  the  %  (fr^)  «  0  case)  exhibited 
the  trend  to  immediately  go  to  the  right  and  behind  ,  an  attempt  was 
made  at  changing  the  system  parameters  to  cake  the  Barrier 
trajectories  go  in  a  direction  core  forward  of  into  an  area  of  {* 
having  core  practical  Interest.  These  attempts  were  not  very  successful. 
The  2D  Limited  Pursuer-Evader  model  also  exhibited  this  characteristic 
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for  non-singular  trajectories.  Figures  26  and  27  show  that  below 

the  dashed  line  (l.e.  non-singular  cases)  the  values  are  snail. 

sr 

Those  Barrier  trajectories  in  the  2D  nodel  that  go  forward  of  !£ 
into  an  area  of  interest,  branch  off  the  E-singular  surface.  It  was 
therefore  concluded  that,  as  with  the  2D  nodel,  to  get  the  Barrier 
trajectories  to  go  in  a  forward  direction  of  ^  for  the  3D  model, 
the  singular  surfaces  in  the  3D  nodel  had  to  be  used  immediately 
from  £  followed  by  a  possible  branching  off  the  singular  surface  later 
on.  Kote,  however,  that  the  singular  surfaces  in  the  3D  model  are  the 
singular  surfaces  in  the  2D  model.  Since  the  singular  surfaces  are 
the  sane,  it  can  be  seen  that  the  parametric  relationships  of  real 
importance  in  the  3D  model  (i.e.  that  determine  the  interesting 
conditions  of  escape  and  that  should  be  used  for  sensitivity  studies) 
are  already  those  parametric  relationships  found  for  the  2D  nodel. 

We  are,  however,  still  interested  in  how  the  non-zero  $2  trajectories 
branch  off  the  planar  singular  cases  for  two  reasons:  to  sec  how  a 
non-zero  ^  case  migrates  to  the  planar  case  of  real  parametric  Interest; 
to  see  what  3D  control  logic  is  used  in  migrating  to  the  planar  case. 

An  Impasse  was  net  at  this  point;  for  based  on  Theorem  1,  it  is 
Impossible  to  branch  off  the  planar  singular  case  to  a  non-planar 
(i.e.  ^^o)  case.  The  reason  for  this  problem  is  in  part  associated 
with  the  following  theorem: 

Theorem  3:  If  and  are  approaching  zero  simultaneously  to  meet 
the  conditions  of  Tncorea  1,  then  they  approach  zero  asymptotically. 
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Proof:  Since  and^-n^Eq  (6.112)=?>  fi-»o  .  Together  with 

*  * 

Eqs  (6.121)  and  (6.127)  this  implies  sin^-vo  and  sin3>-»o  .  Based  on  this, 
Eq  (6.103)  and  (6.129)  show and  A^_».o  .  ^ 

Isaacs  [7,  133]  alludes  to  the  possible  existence  of  a  singular 
surface  made  up  by  the  limit  of  parallel  trajectories.  He  calls  this 
kind  of  singular  surface  a  (  p.u,  p  )  singular  surface.  Based  on 
Theorem  3,  the  planar  singular  case  in  the  present  3D  model  appears 
to  be  a  specific  case  of  a  (  p,u, p  )  singular  surface.  The  problem 
of  investigating  these  parallel  trajectories  close  to  the  planar  singular 
case  (note  Williamson-Nobel  [IS]  also  alluded  to  problems  in  this  area) 
is  left  to  other  investigators  as  they  are  not  the  main  intent  of  this 
dissertation  and  appear  to  require  considerable  examination. 

7.  Hodel  and  Barrier  Conclusions 

1)  In  the  3D  model,  the  parametric  relationships  of  real  importance 
that  determine  the  escape  conditions  are  those  found  in  the  2D  model. 

2)  For  those  terminal  conditions  having  non-zero  an 

approximate  3D  closed  form  control  logic  has  been  found. 
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VXX.  Application  of  the  Llnlted  Pursuer-Evader  Model 

This  chapter  discusses  the  practical  application  of  the 
Barrier  results  of  Chapter  VI  to  the  sane  problem  addressed  In 
Chapter  V  i.e.  the  relative  evaluation  of  fighter  A/C  capability. 

This  method  is  the  original  work  of  the  author  and  represents  a  -ore 
"realistic"  (to  that  of  Chapter  V)  practical  application  of  differential 
game  theory  to  the  above  problem.  The  method  is  more  "realistic"  in  the 
sense  that  the  Evader  is  no  longer  highly  maneuverable  and  that  the 
parameter  relationships  for  escape  involve  another  lnportant  variable  - 
the  turning  gs  of  the  Evader.  The  method  is  being  developed  into  a 
computer  program  by  the  Air  Force  Flight  Dynamics  Laboratory  as  an 
analysis  tool  to  evaluate  the  relative  combat  capability  of  fighter 
aircraft.  The  purpose  of  this  chapter  is  to  outline  the  method  and 
the  computational  procedures. 

Results  of  the  Limited  Pursuer-Evader  Model 

Results  of  the  3D  Limited  Pursuer-Evader  showed  that  parametric 
relationships  of  real  importance  in  the  3D  model  (i.e.  that  determine 
the  interesting  conditions  of  escape  and  that  should  be  used  for 
sensitivity  studies)  were  those  found  in  the  2D  Limited  Pursuer-Evader. 
These  2D  results  are  contained  in  Figures  26  and  27.  These  figures, 
under  the  assumptions  of  the  Limited  Pursuer-Evader  model,  optimally 
reveal  how  the  turning  ,  velocities,  and  relative  positions  of  the 
two  aircraft  and  the  gun  capability  of  the  Pursuer  affect  the  outcome 
of  a  given  terminal  combat  engagement.  Sensitivity  analysis  of  these 
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results  continued  to  show  that  the  ratio  of  combat  velocities, 

'■Vvp  ,  vas  the  Dost  important  parameter.  The  sensitivity 
analysis,  along  vith  Figures  26  and  27,  yielded  logics  for  improving 
both  aircraft  svstens  -  the  logic  with  the  cost  payoff  was  to  increase 
V£  and  Vp  . 

Methods  and  Computational  Procedure 

The  method  coapares  each  aircraft  in  the  evaluation  against 
a  standard  Pursuer.  The  Pursuer  is  standardized  by  selecting  fixed 
values  for  the  weapons  capability,  Si  ,  tracking  gs  ,  aXp  ,  and 
apeciflc  power  map  (Mr*,  h  ).  A  realistic  ratio  of  combat  velocities 
vs^(  (i.e.  like  .9  etc)  is  picked  for  the  method.  For  a  grid  of 
points  in  the  altitude  -  Mach  (velocity)  diagram,  the  following 


computations  are  made:  P?p= 


Se 


.  % 


'Jy  .  ani  VC  =  Sis  «P 


yc. 


Ep 


Vs. 

Rp  -  OE  "p  r  ■<- 

are  obtained  by  the  escape  conditions  in  Figures  26  aad  27. 


8<k» 

.  The  ratios  and 


Lines  of  constant  ^  and  constant  yc  are  drawn  on  the  altitude  -  Mach 
diagram.  These  lines  represent  the  required  distance  that  £  must 
be  in  front  of  P  and  the  associated^*  E  must  pull  to  effect  an  escape. 
This  map  of  the  altitude  -  Mach  diagram  with  the  escape  requirements  is 
a  function  only  of  the  standard  Pursuer  and  the  ratio  . 

The  following  series  of  computations  is  then  done  for  each 
aircraft  in  the  evaluation: 

1)  The  specific  power,  Ps  (for  one  (l)g  flight)  and  turning  g 
lines  in  the  h-Hach  diagram  are  computed. 
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2)  The  ^  requirements  for  escape  are  overlayed  on  the  g 
capabilities  of  the  aircraft  computed  in  1). 

3)  The  combat  arena  (call  it  Area  0)  Is  defined  -  much  like 
that  done  in  Chapter  V. 

4)  The  area  of  the  combat  arena  where  the  g  capability  of  the 
aircraft  is  greater  or  equal  to  that  required  for  escape  is  established 
(call  it  Area  1)  and  the  average  ye  ,  y  ,  In  this  area  is  computed. 

The  results  in  line  4)  show  the  portion  of  Area  0  where  E  has 
•sufficient  c|  capability  to  escape  and  the  y^to  effect  the  escape. 

A  large  Area  1  and  small  yt  in  that  area  is  Indicative  of  a  good 
aircraft. 

The  area  of  the  combat  arena  outside  tbe  escape  area  in  line 
4),  i.e.  Area  Onw  Area  1,  represents  an  area  where  E  does  not  have 
sufficient  cj  capability  to  escape.  However,  E  may  have  a  advantage 
in  a  portion  of  Area  0<u Area  1  (call  this  portion  of  Area  (W  Area  1, 

Area  (Wl/E).  Based  on  the  Barrier  results,  E  should  employ  his  F^ 
advantage  in  Area  0~1/^  and  render  a  portion  of  it  an  escape  region 

(call  this  area  Area  0«*  1/p*) .  Likewise  there  may  be  a  portion  of  Area  1 
where  P  has  the  advantage  (call  it  Area  1/p )  and  P  may  render  a 
portion  of  Area  1  a  capture  region  (call  this  Area  1/p).  Plgure  32 
is  a  Boolean  algebra  diagram  of  the  sets  (i.e.  areas)  Involved. 
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Figure  32:  Boolean  Sets 


Area/E  »  [Area  lew  Area  1/p*}  V  Area  Onjl/ 


represents  the  escape  region  of  the  coabat  arena.  The  ratio, 
Area/E^Area  0,  is  a  good  measure  of  the  coabat  capability  of  a  given 
aircraft  against  the  standard  Pursuer. 

To  compute  Area  0~l/EJk,  the  following  computations  oust  be  done 
for  a  grid  of  points  in  Area  0~l/£  beginning  at  the  g£  ^  §6  rejoiced 


1)  At  a  given  point  in  Area  0-l/£  (i.e.  a  given  h,  '-'g  ,  , 

vVs  .  psp  >  appl7  and  E  and  compute  Vi),  Vp(£)  , 


BE 


I 


1 


I 


R- 


m 


I 


I 


lo 


i 


Ci')  (will  increase) ,  y(t.) ,  RpGr)  (will  increase)  versus  tine 
v/p  * 


2)  As  computation  1)  is  done,  compute  JL  .(will  decrease) 


and  using  compute  and  Vc_  required  for  escape  from 


RP 


Figure  27  (note  and  Yc  will  decrease) . 
P  -s;, 


3)  One  of  three  (3)  events  will  occur  which  will  determine 
if  the  grid  point  is  an  Escape  or  a  Capture  point: 

a)  The  required  for  escape  reduces  to  the  ^  capability 
of  E.  At  this  point  compute  yc(i.)=  Yt  S2p(t)  .  If  yc(£)  6.  yfct) 
then  the  grid  point  is  an  Escape  point.  If  yt(i )>y(t)  then 

the  grid  point  is  a  Capture  point. 

b)  E  crosses  £  ,  i.e.  y(t)f  j2  ,  and  the  grid  point  is  a  Capture 

point. 


c)  y&(J.}»  1  and  the  grid  point  is  an  Escape  point. 

VP 

To  compute  Area  1/p*,  the  following  computations  must  be  done 


for  a  grid  of  points  in  Area  1/p  beginning  at  the  -  Q£  required 

line: 

1)  At  a  given  point  in  Area  1/p,  apply  and  *sp  and  compute 
vgC-t)  ,  Vp(£)  (  Vg/vp  Ofe)  (will  decrease),  y(fc)  ( 

(will  increased  versus  time. 


2)  As  computation  1)  is  done,  compute  JL. (will  decrease) 

1 

and  using  compute  Qe.  and  Yc  for  escape  from  Figure  27.  Note 

vj,  p  *RP 


that  8?'.  .'.nd  Yc.  tend  to  remain  unchanged  (yc  will  increase  because 


of  larger  )  but  will  depend  on  the  specific  instance. 
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3)  One  of  two  (2)  events  will  occur  which  will  determine 
the  Capture  or  Escape  nature  of  the  grid  point: 

a)  §£/p  required  for  escape  will  exceed  the  g  capability 
of  E  in  which  case  the  grid  point  Is  a  Capture  point. 

b)  required  for  escape  will  be  less  than  the 
capability  of  E  in  which  case  the  grid  point  is  an  Escape  point. 

In  this  manner  the  areas  in  the  altitude  -  Mach  diagram  are 
established  for  each  aircraft  in  the  relative  evaluation,  and  Eq  (7.1) 
is  computed.  The  relative  measure  of  combat  capability  is  embodied 
in  the  numbers  and  Area  E^Area  0  for  each  aircraft. 
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VIII  Variable  Velocity  Models 


The  models  of  the  previous  chapters  assumed  constant  velocity 
magnitudes.  The  models  were  applied  to  the  terminal  phase  of  the 
air-to-air  combat  vhere  constant  speed  appeared  to  be  a  good 
first  order  assumption.  The  main  purpose  of  this  chapter  Is  to 
examine  the  first  order  effects  of  variable  velocity  magnitudes 
on  the  problem.  A  secondary  purpose  is  to  relate  the  constant 
.velocity  models  of  the  previous  chapters  to  a  more  realistic  aircraft 


Aircraft  Model 

The  following  vertical  plane  model  is  the  standard  point  mass 
model  found  in  most  texts  on  aircraft  performance,  for  example  [12,  7]. 
Figure  33  shows  the  aircraft  coordinate  system  and  the  main  variables. 
The  model  assumes 


Figure  33:  Aircraft  Coordinate  Systco 
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that  the  angle  of  attack  Is  snail  and  that  the  thrust  vector, 
is  essentially  longitudinal.  The  aircraft  maneuvers  with 
the  thrust  and  lift  vectors  ( T  t  L  )  . 

The  kineaatic  acceleration  of  the  aircraft,  V  , 
can  be  written 

V  a  Vlv+  j-Vli 

The  net  vector  force,  _F,  on  the  aircraft  can  be  written 
£  =  C.t-  t>-  t )  ±v  -+•  C  t-  -  ^i^cosjr)i.x  . 

Applying  £  s  -nji  ,  the  equations  of  notion  become 

0  =  T-.P  -  c(S.inJr 

m  o 

y-v  s  j_  -  dcos.i' 
rr>  Q 


The  aerodynamic  forces  are  modelled  by 

1_=C?SC,_ 

D  =  <?SC& 


O  »  dynamic  pressure 
S  «  reference  area 
Cu  «  lift  coefficient 
C&  »  drag  coefficient 


c*  =  kcL‘ 


k  is  obtained  uy  the  best  parabolic  fit  of  Eq  (8.7)  to  the  actual 
drag  polar  of  the  aircraft  or  approximately  by 


*!> 
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k=i  i 


where 


Ti'e  /ft 


(8.8) 


effectiveress  ratio 


/ft  -  aspect  ratio  «  (wing  span)  /S 


Substituting  Eqs  (8.5),  (8.6)  and  (8.7)  into  Eqs  (8.3)  and  (8.4)  yields 
Q„  =  V  —  ~r~  C>S  V.  Cpo-*  k  Ci?  ^  _ 


% 


S.mjf 


Oj_  =■  Vv  =  <?sCl  _  otos  y 


(8.9) 

(8.10) 


Figure  3+  is  a  plot  of  Eqs  (8.9)  and  (8.10)  (i.e.  acceleration 


vectogran)  with  varying  Jf  ,  for  a  typical  F4  aircraft  at  35000  ft, 

2 


M  #  -  .8,  W  ■  38600  lbs,  S  -  530  ft  ,  CDO  -  .019,  k  -  .116  and  max 
thrust  •  11000  lbs.  The  .vector  frora  the  origin  to  the  circle 
represents  vector  subtraction  of  the  vector.  As  can  be  seen,  &j_ 
greatly  exceeds  Q.v  ten  to  one  (10:1)  which  in  part  substantiates  the 
first  order  approxination  of  constant  velocity  nagnltude.  Note  that  Q.v 
and  GL x  are  the  naneuvering  accelerations  and  not  the  acceleration 
forces  felt  by  the  pilot. 

If  we  assuoe  ly|<2cT  then  ^cosJr<.«S4^—  g  and  Eq  (8.10)  is 
approxinatcd  by 

&-V  =  Qj_  2d  99£'-.  -  g 
CL  is  then  related  toothy 


(8.11) 


Q.-  Xa-CQj.-*-g^ 


0?S, 


(8.12) 
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For  I  Jr/  <20  ,  a  good  approximation  to  the  equations  of 

aotlon  are  therefore 

V  =  C_T  —  ^iL  C  2rfQj.-r  af  ) 

|QS  « 

fcv  =  ax 


where  CT  and  Gx  are  bounded  as  just  described.  As  mentioned  previously, 
note  that  the  0  capability  of  the  aircraft  will  be  small  in 


comparison  to  the  JTV  capability.  Note  also  that  Jr54*-  =  — — — 5 - 

$<?S  glTeb JQ 

(b»wingspan)  determines  the  drag  acceleration  penalty  for  pulling 


transverse  gs  (l.e.  Oj_  ) .  Since  Qxcc  25.CL,  it  is  seen  that 

a  highly  maneuverable  aircraft  (i.e.  large  V  and  Jr  v  )  is 

characterized  by  an  aircraft  vith  large  SO.  ,  X  ,  and  small  jaf 

w  w 

Implying  high  T,  SCU  ,  b,  and  low  W  .  A  high  maneuverable 
aircraft  is  therefore  characterized  by  high  thrust,  large  wing  and 
low  weight. 

The  constant  velocity  model  dynamics  of  the  previous  chapters 


were  of  the  form 


)r  =  °_x_ 


Eqs  (8.17)  and  (8.19)  are  the  sane.  On  comparing  Eq  (8.16)  with  Eq  (8.18), 
it  is  seen  that  to  model  the  first  order  effects  of  variable 
velocity  magnitude,  that  V  should  be  represented  by  a  small  bounded 
acceleration,  CT  ,  followed  by  a  drag  penalty  term  for  transverse 
acceleration,  Gj_  . 
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The  naln  purpose  of  this  chapter  is  to  examine  the  first 


order  effects  of  varying  velocity.  Therefore,  since  Figure  34  shows 


the  doninance  of  Qj_  as  compared  to  ) » 

the  following  approximation  to  Eq  (8.16)  results 


■i  =  cT-KI  #i| 


The  heaving  dashed  line  in  Figure  34  shows  the  degree  of  approximation 


(for  Qj_ _  “34)  by  using  Eq  (3.20)  and  (8  21).  As  can  be  seen, 

the  approximation  is  very  good.  This  approximate  aircraft  model  is  the 


same  as  Othling's  (11,  48]  Linearized  Drag  PoJar  Model. 


Linearized  Drag  Polar  Model 


Othllng  Ill]  examined  this  model  in  the  •-•ealistic  space 


from  the  standpoint  of  control  logic;  the  following  analysis  is 


done  in  the  reduced  space, ,  and  includes  the  Barrier  analysis. 


1.  State  Equation  Formulation: 


The  coordinate  system  for  this  model  is  the  same  as  Fj.„are  18 


viewed  from  the  side.  The  ©p  and  ©£  are  equivalent  to  in 


Figure  33.  The  kinematic  equations  ior  this  model  are  the  same  as 


Eqs  (6.1)  except  that  a  —  =  ©  tern  in  Eq  (6.1)  is  replaced  with  the 


term  in  Eq  (8.17)  i.e. 
V 


t\| 


j 


F 


■> 


h££S& 
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-  V  H±f 


X  =  vEs.m©  -  V 


y  =  V_  CO'S  ©  -  Vp  +  X  Hip 
'  C  r  Vp 

©  =  fc"E  _  Vp  —  °-i£-  _  CUp 

r  VE  Vp 

and  .  ,  , 

Vp  —  C^-p  p  •  ^-Cp< 

=  CTe  -K’e  I  Qj-g.  I 

where  Eqs  (8.2S)  and  (8.26)  coca  from  £q  (8.20).  Note  that 


&  s  <re-  rp 


and  that  the  bounds  on  the  controls  are 


L,  £.  Q  , 

e«iax  J-E 


&  Qx„  ^  a. 


XP  (WtXK 


—  ^-TP  -  ^-TP0 


<'TfeL.  -  ^-T6  -  ^TE. 


and  are  determined  as  previously  discussed.  Kote  that  the  state 
Eqs  (8.22)-(8.26)  are  the  sane  as  the  state  Eqs  (6.1)  for  the  2D  Limited 
Pursuer-Evader  model  with  the  exception  that  Vp  and  V£  are  now  state 
variables  Instead  of  fixed  model  parameters. 
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2.  Problen  Setup: 

The  terminal  surface,  ,  can  be  visualized  as  in  Figure  19 
except  and  Vp  are  also  variables.  Its  usual  description  with 
Eq  (2.3)  is 

H'  -i- y  -  «a  =  o  (8. 

where  ©ftj),  ,  end  ^E(i()  are  free.  ^  can  also  be 


described  vith  Eq  (2.19)  as 

-  VijCs)  =  ^SinSi 
V  =•  =  £  COS'S! 

€>Gfcp)  =  h3Cs-)  =  s2 
V"M  ...  h^(s).  .  Ss 

VS&.{)  =  bs(S)  -  SA 


M 

The  controls  for  the  players  are 


and  the  costate  vector  \  is 


(8.30) 


(8.31) 


(8.32) 


(8.33) 
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As  done  previously,  the  roles  of  the  players  are  preselected  by 
choosing  <j>=o  ,  L  «•  1  with  P  ninlnl2lng  and  E  naximizing. 

3.  Application  of  Necessary  Conditions: 

ME1  beeoccs 

*■  Xo  \(<V  Kr  I  %|)  *  XV6(c„-K,i . J)]  *  1  5 

^  cT>j  * 


v&  C  Xxsm  e-+- Xy  cos©)  -  vp\y -p  i  = 


-  rWCr7  WP  +  -  |40  (8.34) 

re  C-rP.^p  ^CLft 

Hf>=  ~%~KPV<UPl-XVpCTP 

He  =  a-4=  ~K  KJ 0 U  -  xvtcT£ 

M0  -  VE  C  XxSin©  XyCOS©)  -  VpXy  +  -j.  (8.35) 


A  =  *Xy  -y  X*-  Xe 


I 

§ 


f 

I 

I 


MV 


\+ 


v» **- -r  $*«**/«.*'**»’»  V  «•&$?- 


la 
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The  min  J4  conditions  yield 


JCPt-  Kp^O 

rP~Uru  XVp<o  < 

A*°  •*  Qip*  ■°iw:‘a"Cft"’,[Kp>-vP*  %] 


*•*’■*  °Pp*  „ 

with  a  totally  singular  possibility  if  both  X  ■=  A  =  0  for 

vr 

a  finite  tine.  The  ita*  H£  conditions  yield  • 

r  cEL  xVe<o 

CTg  «•  ■  (8 

_  Ceo  Xv&  ^  ° 

Xe«->  0%-0^»y(^v.[!^-X.y) 

xs==  >»  0pe-  a-PsTOXh  C- „ 


with  a  totally  singular  possibility  if  both  X  «■  X,  sq  for 

vfc- 

a  finite  time,  Othllng  [11,  99 J  shows  that  the  singular  cases  are 
not  possible.  The  costate  equations  are 

'3fcl  f  -  Xv  5±P 

3x  '  Vp 

9H.  (8. 

♦  T  af  Vp 

X  =  -  VH  =  -  an  —  vE(  Xysm©-  X  cos©) 

ae  =7  x 

*ay  Xy  +  a  Qa.  p  /  vp 

3Vf  7  r 

.fS£  i  -(\1?*nB+\1<DSB) 


I 
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Note  that  the  first  three  (3)  costate  equations  are  the  saae  as 
the  costate  Eq  (6.22)  for  the  2D  Llcited  Pursuer-Evader  model. 
The  transversality  conditions  yield 


Mtf)  - smsa 

‘  \  /  ^  \  , 


Vp  CosSi  -  vE  COS(S,  -  ©) 

_ cosSj _ 

Vp  COS  S.  -  C.OS.  c  Si  -  © ) 


(8.42) 


=  XVgC^  -  » 

4.  Problem  Backward  Solution  From  ^ : 

From  the  transversality  conditions,  Eq  (8.42),  and  the  equations 
for  ^  ,  Eq  (8.30),  it  can  be  shown  that  on  A  =  =  ^Vp-  ^vE— 0 

and  Eqs  (8.37)-(8.40)  for  the  controls  are  undefined.  Evaluating  the 
backward  derivatives  of  the  argueaents  in  Eq’s  (8.37)-(8.40) ,  it  can  be 
shown  that  the  controls  an  infinitesimal  distance  away  from  the  UP 


,  are 

c<  - 

CPU 

Cte^  = 

- 

max. 


■J 


(8.43) 


cud  -  Qj.£^^s^n[sw(sa-S2')Jlo[|si<iCv*7'>l-KEtosCsi-Slj 
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Figure  36  is  a  plot  of  ^  (similar  to  Figure  21)  and  the  terminal 
controls,  Eq  (3. A3)  for  the  parameters  of  the  FA  aircraft  previously 
mentioned.  The  BUP,  which  for  a  given  terminal  velocity  ratio  is  the 
same  as  for  the  2D  Limited  Pursuer-Evader  model,  is  shown  for  the 
ratio  ^  I  ■  .9.  Note  how  the  P  and  E  singular  surfaces  of  the  Limited 


Pursuer-Evader  model  do  not  appear  in  the  present  model.  There  are 
however,  switching  surfaces  in  the  present  model.  Note  also  that 
the  switching  surfaces  retain  the  basic  control  characteristics 
of  those  singular  surfaces. 

The  parallogram  shaped  area  around  the  origin  in  Figure  36  is  a 
region  of  ^  where  both  P  and  E  arc  non-turning  terminally.  This 
can  be  likened  to  the  totally  singular  surface  (i.e.  the  y  axis 
with  ©  *  0)  of  the  Limited  Pursuer-Evader  model.  Because  both 
P  and  E  are  non-turning  off  of  ^  in  this  region,  the  backward  solution 
from  this  region  back  to  the  first  control  switching  can  be  done  closed 


V?'''  “  =  sinSi/Cvptossi-v/Eco^Ui-sz')]  ((MA) 

-  XY(-fcf.)  =  CosS1/^_VpCOSS1-VEtos(.S1-S3')]  (8. AS) 


©C-T-)  =  ©(--tf)  = 


V/&tr  '  =  Ctrl  -  CE<jT" 
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X_(t)  _  SmCVS,.) 


_ [■  v  CMr-c  T-V  1 

Vp cos  S.  -  ve  cos Cv  -t £  +  EU  ^2J  (8.4 


xv  <t)  = _ ;os(vs?) _ 

6  VpcosSj.-  VgCos^Si-s,) 

VptT)  =  VpU^-C^T- 


A  C t)  =  -  ■smo  Si 


VpCos S 


— 77 - 7 — — -f  V  c-pyT-/ 1  (8.51) 

■1-VecosCsi-s4')L  K  J 


CT)  =  _ -  COS  Si _  r 

P  ^cosS^-V^oosCSi-S.  )  '  (8.52) 

U.e  control  switching  tlr.es.  and  7;  .  arc  obtained  from  the 
following  expressions 

I  Xel-jC^XVc  Va _  _  |  SinCSx-S?)|  ,  r.  ,  , 

r ^..co^vs,)  1  i^cosfs  s  -f-  *  ■  ^-2  )~  Cv- )= 

LvpcosS1-vEcosCs.;l-SI)J  &  1 

*  1-KJ  +  ceuT-  C  J.-*Ke/a)l 

*”  J  /ft 


■+■  I  A.1 


: — r  ■*»  y  •  •  ^  ’  _  _  I  Sin  Si  j  .  ,  __  a 

r.K.  <os-,| _  1  K  toss  (  »  ■  »df)-(V-V)< 

L  v.  cos  s.  -  ve  (o^cs.-s.)  J 

■Thci-K;)'V(.-^=))  „.w 


-  t[-s.ci-k;)»cwt 


s 

5 


where 

■jr/-  I  sm(si-s,)| 
£~  Kaco*C%-s*) 

V  '  -  I  S1HS5. 1 


(8.55) 

(8.56) 


Note  that  the  denominators  of  Eqs  (8.53)  and  (8.54)  are  i  0  in  the 


OP  of  and  that  BC^and  are  £  1  in  the  non-turning  region  of  ^  • 
The  switching  tines, *C  and  Tg,  ,  are  therefore  determined  from 


Eqs  (8.53)  and  (8.54)  respectively  i.e. 


r=--& 


T„  =  ^2. 

•  CW 


[^fcrd 

7T-] 


(8.57) 

(8.58) 


X  -  K, 

X  -  KTp 

The  X(T)  and  Xflsolutions  from  the  non-turning  region  of  Xc  are 
X.CT)  =  j8.-s>oSi-  SinSz(^S^T-Ceu'ryz')  (8.59) 


'yC'r)  =  -A  COS  Si  4-  t  Sif-S4.COSS2)T-C.Cpj-CeL('-OSS^'T^  (8.60) 


and  are  valid  up  to  the  smaller  of  T^.  or  Tp  . 

A  computer  program  was  written  using  Eqs  (8.44)-(8.60)  to  solve 
for  the  shape  of  the  switching  surface  emanating  from  the  non-turning 
region  on  ££  .  This  switching  surface  forms  a  dosed  region  in 
whose  base  is  the  non-turning  region  on  ^  .  Figure  37  is  a  two 
dimensional  representation  of  the  switching  surface  for  a  particular 
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and  Vptyand  system  parameters.  The  S2 ,  i.e.  ©  ,  axis  can  be 
thought  of  as  positive  out  of  the  paper.  Only  the  positive  values 
(the  negative  S2  have  a  mirror  inage  about  y-axis)  of  S^=  &C are 
shown.  For  a  particular  value  of  S2  ,  the  x-y  region  inside  the 
switching  surface  resemble  "fingers"  emanating  from  the  non-turning 
region  of  ^  .  As  the  values  get  larger,  the  "fingers"  fan  out 
to  the  left  (would  be  to  the  right  for  increasing  negative  St  )  and 
get  narrower.  The  surfaces  of  the  "fingers"  are  labeled  with  the 
particular  control  switching  that  occurs  first.  The  "fingers" 
represent  regions  of  the  state  space  where  it  is  best  for  both  players 
to  accelerate  and  not  turn.  The  trajectories  backward  off  the  finger 
surfaces  will  be  the  turning  portion  of  the  trajectories-  The  tips 
of  the  "fingers"  are  associated  with  rero  velocities  and  are  therefore 
not  very  physically  cea.,ingful.  Lines  of  constant  velocity  in  the 
"fingers"  are  shown.  Note  that  the  S._,*o  "finger”  is  the  variable 
velocity  model  counterpart  of  the  totally  singular  surface  in  the 
Limited  Pursuer-Evader  model.  Note  also  that  the  trajectories  coming 
into  the  "fingers"  are  of  real  interest  since  they  lead  to  position 
angles  off  (i.e.  Sj  )  and  velocity  angles  off  (i.e.Sj)  where  the 
Pursuer  and  Evader  roles,  as  selected,  are  well  defined.  If  the 
Barrier  can  be  made  to  cut  through  a  given  "finger",  then  this  will 
represent  en  interesting  and  physically  applicable  means  of  Evader 
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escape.  As  will  be  shown,  Barrier  closure  and  Evader  escape  In 
the  Halted  Pursuer  model  Is  associated  with  escape  fron  a  non-zero 
"finger"  In  the  present  nodel;  the  Interesting  Barrier  closure  and 
Evader  escape  condition  of  the  Halted  Pursuer-Evader  nodel  Is 
associated  with  es-ape  from  the  ^©"finger"  0f  the  present  nodel. 

S.  Barrier  Kecessary  conditions  : 

In  each  of  the  previous  models,  the  similarity  between  the 
necessary  conditions  for  the  UP  of  and  the  necessary  conditions  for 
the  Barrier  has  been  pointed  out.  The  following  necessary  conditions 
for  the  Barrier  can  be  obtained  directly  by  applying  the  results  of 
Chapter  II;  however,  taking  advantage  of  the  above  similarity  they 
are  sinpiy  stated.  The  BUP  is  defined  by  those  states  on  for  which 

VpCOSSi  -  VeC-.sCSj.-SO  =  O  .  (8.61) 

The  normality  conditions  otc  ->n  yield 
crK(.-fcf)  =  S>n  St 

Vly  m  COSSj 

=.  ©  .  (ft. 62) 

The  control  equations  on  the  Barrier  have  the  same  form  as  Eqs  (8.37), 
(8.38),  (8.39),  (8.40)  and  (8.43)  except  thatX  is  replaced  with  U  . 
The  costatc  equations  on  the  Barrier  have  the  same  form  as  Eq  (8.41) 
except  that  >.  is  replaced  with  . 

8.  Barrier  Solution/Evaluation  Constant  Velocity  Barrier  Results: 

The  main  purpose  of  this  chapter  is  to  examine  the  variable 
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velocity  effects  on  the  results  of  the  constant  velocity  models . 

The  main  results  of  the  Limited  Pursuer  model  are  contained  In  the 
Barrier  closure  conditions  of  Figure  7.  The  main  results  of  the 
Limited  Pursuer-Evader  model  are  -ontalned  In  the  Barrier  trajectory 
closure  conditions  of  Figures  26  and  27.  We  examine  the  variable 
velocity  effects  on  Figure  7  first. 

As  discussed  In  the  20  Limited  Pursuer-Evader  model  paragraph  6, 
the  closed  Barrier  trajectory  In  the  Limited  Pursuer  model  is  also 
a  specific  Barrier  trajectory  of  the  Limited  Pursuer-Evader  model, 
however,  it  does  not  represent  a  closed  Barrier  trajectory  In  the 
Limited  Pursuer-Evader  model.  Except  for  the  variable  velocity 
effects,  the  same  Is  true  for  the  present  model  l.e.  the  closed 
Barrier  trajectory  of  the  Limited  Pursuer  model  is  also  closely 
resembled  by  a  nm-closed  Barrier  trajectory  in  the  present  variable 
velocity  model. 

To  see  the  variable  velocity  effects  on  Figure  7,  the 
following  sneclflc  Barrier  computation  was  done  for  the  Linearized 
Drag  Polar  model:  $.  =  1400  ,  Cpy=  ,  Kpv  -24.15, 

a-x  •  W  =  800  (V>  =  720  ■  Ceu  = 

Kt  —  -  24>I5  ,  Q_i_  =•  feds  .  This  is  the  data  previously  used 

rv-Ooc  ° 

for  a  specific  flight  condition  of  the  F4  aircraft.  The  above  data 

shows  that  'y^^]AyJb)  -  .90,  EpC-tf  )  -  6622  ft  and  JL  -  .212  . 
r  * 
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Figure  7  shows  that  escape  is  possible  for  the  constant  velocity, 
highly  aaceuverable  Evader  of  the  Limited  Pursuer  model  If  the  Evader 
is  at  the  tip  of  the  Barrier  located  at  JZ’—  ■  .257  (i.e.  yc  «  1702  ft) 
with  a  velocity  angle  off  ©c  »  43.7  degrees.  The  highly  maneuverable 
Evader  pulls  no  gs  to  effect  the  escape  and  the  constant  velocity  Pursuer 
pulls  the  maximum  3  .  The  results  of  the  Linearized  Drag  Polar 

Barrier  computation  showed  the  following: 

1)  Both  players  use  maximum  forward  thrust.  E  pulls  no  and 
P  pulls  the  maximum  3^S  . 

2)  The  tip  of  the  Barrier  was  located  at  1792  ft  and  the  required 
velocity  angle  off  was  43.6  degrees. 

3)  at  the  tip  had  reduced  to  704  and  Vj>  at  the  tip  had 

Increased  to  850  rj/  . 

'Sec 

Even  though  the  velocities  vary,  the  required  escape  conditions  and 
control  laws  to  effect  the  escape  for  the  Linearized  Drag  Polar  model, 
agree  closely  to  these  of  the  constant  velocity  model.  Mote  that 
the  constant  velocity  model  slightly  underestimates  the  required  yc  for 
escape.  Note  also  that  each  player  is  using  maximum  forward  thrust  In 
the  variable  velocity  model  in  an  attempt  to  increase  the  velocity 
advantage;  this  was  also  suggested  by  the  Barrier  sensitivity 
analysis  of  the  Limited  Pursuer  model.  Next  we  examine  the  variable 
velocity  effects  on  Figures  26  and  27. 

As  previously  mentioned,  the  escape  conditions  of  Figures  26  and  27 
for  the  constant  velocity  Limited  Pursuer-Evader  model,  should  be  similar 
to  the  necessary  escape  conditions  from  the  5  =  0  "finger” 
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of  the  present  variable  velocity  Linearized  Drag  Polar  model.  To 
examine  the  variable  velocity  effects  on  Figures  26  and  27,  the 
following  flight  conditions  were  used:  (  •  1400  ft., 

Vp(4^  «  MO^.Qa^-  3£  ,  VE«f)  .  720  6£. 

Figure*’  26  and  27  show  that  for  E  to  effect  the  escape,  ^S—  »  .490 

Implying  Vc  “  3244  ft.  The  controls  for  the  constant  velocity 
playere  are  maximum  with  E  non-turning  after  a  ninety  (90)  degree 
rotation  in  real  space.  Two  specific  computations  of  Linearized 
Drag  Polar  Barrier  closure  with  the  "finger"  were  done.  Each 
is  discussed  in  turn. 

The  first  computation  was  done  using  the  aforementioned  flight 
conditions  and  the  following  aircraft  parameter  values; 

C„u  =  '•%£  .  Kp=  -09’  '••fVsec*  ,  .09  . 

The  aircraft  parameter  values  are  indicative  of  an  aircraft  with 
small  longitudinal  acceleration  capability  and  about  one  third  (1/3) 
the  drag  penalty  of  the  F4.  The  results  of  this  computation  showed 
the  following: 

1)  Both  players  use  maximum  forward  thrust.  P  pulls 

the  maximum  3^s  .  E  pulls  the  maximum  6^s  initially  and  switches 
to  0  gs  after  an  87  degree  turn  in  real  space. 

2)  The  Barrier  closed  with  the  0  finger  at  Yc  "  3382  ft. 

3)  The  velocities  at  the  closure  point  were  v',  «  876  ft/sec, 

-  814  ft/sec. 
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4)  The  mininax  tine  to  ^  via  the  S2  «  0  "finger"  was  31.9  sec; 
the  tlae  for  escape  along  the  Barrier  vas  9.9S  sec.  Even  though  the 
velocities  vary,  the  required  escape  conditions  and  control  lavs  to 
effect  the  escape  for  the  Linearized  Drag  Polar  nodel,  agree  closely  to 
those  of  the  constant  velocity  nodel.  Note  how  the  tine  for  escape 
is  very  different  fron  the  Binlmax  tine  to  via  the  optimal  S2-  0 
"finger”.  This  discontinuity  in  the  tine  payoff  is  another  characteristic 
of  the  Barrier. 

The  second  specific  computation  of  the  Linearized  Drag  Polar 
model  Barrier  used  the  same  flight  conditions  of  the  first  computation, 
but  used  the  following  more  realistic  aircraft  parameter  values: 

Cpo  -  6#^  ,  -  .2615,  Cp6  =  6  -Vr-i,  K  -  .2615. 

$60  SCO 

These  are  the  values  for  the  F4  aircraft.  The  results  of  the  computation 
showed  the  following: 

1)  Both  players  use  maximum  forward  thrust.  P  pulls  the  maximum 

.  E  pulls  the  maximum  6^s  initially  and  switches  to  0  after  a 

83.5  degree  turn  in  real  space. 

2)  The  Barrier  closed  vith  the  S2  ■  0  "finger"  at  yc  «  3629  ft. 

3)  The  velocities  at  the  closure  point  were  Vp  -  1009  ft/sec,  V6 

«  960  • 

4)  The  minlmax  time  to^J  via  the  3^-  0  finger  was  45.3  sec;  the 
time  for  escape  along  the  Barrier  vas  10.83  sec. 

Even  though  the  velocities  vary  considerably  in  this  more  realistic 
case,  the  error  in  the  yc  closure  point  is  only  around  10S.  The  escape 
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control  logic  agree  very  well  with  only  a  6.5  degree  error 
In  the  E  control  switch  point. 

7.  Model  Conclusions 

The  escape  conditions  of  Figures  7,  26,  and  27  appear  to  be 
a  very  good  first  estimate  of  the  requirements  for  escape.  The  escape 
control  logics  appear  to  be  very  good.  Note  that  the  major  effect 
of  variable  velocity  is  to  cause  the  yc  closure  point  to  be  under 
estimated;  however,  the  error  is  not  large.  The  main  reason  for  the 
‘  good  agreement  between  the  constant  velocity  and  variable  models  is, 
as  reasoned  earlier,  that  in  the  terminal  phase  of  combat  the  velocities 
do  not  have  time  to  vary  enough  to  appreciably  effect  the  problem. 

'*■  From  a  practical  point  of  view,  it  should  also  be  realized  that  in  a 

real  combat  engagement  there  will  probably  only  be  a  rough  estimate 
of  the  opponent's  velocity  magnitude,  which  would  tend  to  justify 
using  the  escape  requlreaents  of  the  simpler  constant  velocity  model 
in  real  combat. 
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IX  The  Barrier  and  Its  Use  In  Alr-to-Alr  Coabat  Role  Decision 

The  analysis  of  the  previous  chapters  always  a  priori  assumed 
the  roles  of  the  combatants.  To  make  P  pursue  and  E  evade  with 
the  payoff  Eq  (2.4) ,  4>  was  made  zero  (0)  and  L  was  made  one  (1)  with 
P  minimizing  and  E  maximizing.  Chapter  1  mentioned  the  role  selection 
problem  (major  factor  3)  and  payoff  problem  (major  factor  2).  Chapter  II 
pointed  out  the  importance  and  physical  interpretation  of  the  Barrier 
as  regards  escape  and  capture.  The  problem  of  fixed  roles  and 
payoff  function  form  was  demonstrated  in  the  Limited  Pursuer-Evader 
model  in  Figure  22  where  state  positions  in  the  UP  of obviously  did  not 
correspond  to  the  assigned  fixed  roles.  Consequently,  only  the 
portion  of  the  UP  of  where  the  fixed  roles  made  sense,  was  used  for 
analysis.  As  discussed  in  Chapter  I,  "the  ideal  model  of  the  air-to-air 
combat  problem  would  have  an  analytical  structure  which  would  couple 
these  seven  (7)  major  factors  together". 

The  research  and  ideas  in  this  chapter  are  the  original  work 
of  the  author,  and  are  first  attempts  at  building  the  analytical 
structure  into  Zero-Sum  Differential  Games  to  additionally  couple  the 
major  factors  of  payoff  function  form  and  role  decision.  As  will  be 
shown,  the  problem  of  role  decision,  payoff  function  form,  and  the 
Barrier  are  all  interrelated.  The  results  of  this  research  lead  to 
a  broader  concept  of  zero-sum  differential  games  than  that  found  in 
Isaacs  (7]  or  elsewhere  in  the  literature. 

The  General  Purpose  Payoff 

The  following  general  zero  sun,  air-to-air  coabat  payoff  war  deduced 
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to  eliminate  the  role  -  payoff  problems  encountered  In  the  Limited 
Pursuer-Evader  model.  Refer  to  Figure  28  and  consider  the  following 
payoff  function  with  P  minimizing  and  E  maximizing 


J  =,  asm*(g|.)  +  b5inz(|)  +•  c  co^Op^d-t  {9>1) 


©P  «  angle  between  V^C tj)  and  Jr  (."fc^ 
«  angle  between  y  ^  Ct^)  and  r 
Note  that 


and  that  co<-  q  _  v.pCi{.)  r 

^  ~  |y-pt^)||rCt4)| 

cos  &P  ,• 

E  |*6(tyll  rtt+)| 


(9.4) 


Substituting  Eq  (9.2)  into  Eq  (9.1)  yields  another  form  of  the  payoff 

3  =  sx±.b.  -  ±.  j^acos  ep+  b  cos  e£j  -+  ccos©p^<Jt  (9.5) 

The  effect  of  thp  three  terms  in  Eq  (9.1),  will  be  to  cause  P  (near£  )  . 
to  force  E  to  cross  £  at  small  lep)  and  small  |©EI  as  quickly  as  possible 
for  I  ©pi  £.3^  •  Note  also  that  the  three  terms  will  cause  E  (near  ££  ) 
to  force  P  to  a  1©^]  near  IT  and  1  ©J  near  TT  as  quickly  as  possible  for 
TPj  I&pji.  TT  .  Figure  38  shows  the  best  possible  position  that  P  and 
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In  problem  1) ,  the  minimizing  player  Is  a  definite  pursuer  and 
the  maximizing  player  is  a  definite  evader.  The  problem  is  solved 
backward  from  the  UP  of  ^  and  the  Barrier  is  established.  This  is 
the  same  as  was  done  for  the  model  of  the  previous  chapters. 

In  problem  2) ,  the  minimizing  player  is  a  definite  evader  and 
the  maximizing  player  is  a  definite  pursuer  i.e.  the  roles  are  switched. 
The  problem  is  solved  backward  from  the  UP  of  and  the  Barrier  is 
established. 

In  problem  3) ,  the  UP  of  'Q  is  determined  and  based  on  terminal 
state  is  divided  into  four  (4)  regions:  Region  1  represents  terminal 
states  of  clear  advantage  for  the  minimizing  player;  Region  2  represents 
terminal  states  of  clear  advantage  for  the  maximizing  player;  Region  3 
represents  terminal  states  resulting  in  a  mutual  kill;  Region  4  is  the 
remainder  of  the  UP  where  no  clear  outcome  is  Indicated  or  may  be 
thought  of  as  a  "draw".  An  example  of  a  Region  1  has  already  been 
given  by  the  area  of  inside  the  heavy  dashed  lines  of  Figure  21. 
Regions  1-4  are  disjoint  and  their  union  is  the  UP  of  •  The  problem 
is  solved  backward  from  the  IP  of  ^  .  Problem  3)  can  be  thought  of  as 
a  case  where  the  game  is  Inherently  structured  so  that  both  players 
assume  the  proper  roles  based  on  terminal  state. 

The  backward  trajectories  from  the  three  (3)  distinct  uses  of 
the  general  purpose  payoff,  go  into  regions  of  the  state  space  and 
in  general  the  regions  will  intersect.  Based  on  the  desires  of  the 
combatants,  a  role  logic  then  dcvelopes  for  the  state  s;>-icc. 
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Some  Illustrative  Examples 


The  following  simple  examples  are  intended  solely  to  illustrate 
the  basic  concepts  for  role  determination  with  zero-sum  differential 
games;  the  examples  are  not  intended  as  ends  in  themselves. 

1.  The  Simplest  Model: 

For  problem  1)  (i.e.  <x=  fc>  -o  ,  c=  1  )  the  results  of  Chapter  III 
show  that  if 

1)  Vp>VE  then  all  of  is  the  UP  and  line  of  sight  pursuit  and 
evasion  is  used  with  E  always  captured. 

2)  Vp<;  V6  then  all  of  is  the  KUP  and  the  maximizing  player  E 
always  escapes  with  line  of  sight  evasion. 

For  problem  2)  (i.e.  a=t»  =  o  ,  C»-l),  the  results  of 
Chapter  III  apply  again  and  show  that  if 

1)  Vp>  VE  then  all  of  %  is  the  HUP  and  P  always  escapes  by 
using  line  of  sight  evasion. 

2)  Vp<  ve  then  all  of  is  the  UP  and  P  is  always  captured 
provided  E  uses  line  of  sight  pursuit. 

For  problem  3)  (i.e.  <x>o  ,  b>o  ,  oo) ,  the  general  purpose 
payoff  is  not  applied  since  the  controls  appear  in  the  Mayer  payoff; 
however,  it  is  clear  that  if  both  highly  maneuverable  players  are 
aggressive ,  the  result  is  always  a  mutual  kill. 

Assuming  that  both  combatants  prefer  the  outcomes  in  the  order 
kill  opponent,  draw,  mutual  kill,  then  regardless  of  whether  Yp>  Yfe 
or  ve>Yp  the  role  logic  is  always  a  draw.  If  one  of  the  combatants 
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is  aggressive  (i.e.  has  a  kill  at  all  cost  objective)  and  has  tue 
velocity  advantage,  then  the  role  logic  is  alvays  a  mutual  kill. 

2.  Limited  Pursuer-Model: 

For  problem  1)  (i.e.  d=t>  =  o  ,  C»i  )  the  results  of 
Chapter  IV  apply  and  are  contained  in  the  Barrier  closure  conditions 
of  Figure  7. 

For  problem  2)  (i.e.  o.=  b  =  o  ,  C=-l  ),  the  necessary  conditions 
of  Chapter  II  are  straight  forward  to  apply  and  solve  the  problem. 


A  summary  of  the  main  results  follows. 

The  coordinate  system  is  shown  in  Figure  39. 


Figure  39:  Limited  Evader  Coordinate  System 


The  state  equations  are  the  same  as  Eq  (4.1).  The  terminal  surface 

is  described  with  Eq  (2.19)  as 

xCif}  =  ^  5,0,5  (9.6) 

yUrU  h,(sl  =  -4<OSb 


/V 
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Application  of  ME1  yields 


mi.nmax[  2Ji -l]  =  VErv,c^  H  +  Vg.  ^x;  u  +  w  _0  .. 

o<  P),-  «  c  r-»  .  /  r  o  '•* • 


1-)^=  S  A,o( 

•4g  «  X^sin  £>E  +  Xy  cos  ©e 
t+0  =  -  vp  Xy  +  1 


The  controls  are 


o<  =  Sgn  A 

.  with  a  singular  possibility  If  A  -  0  for  a  finite  time  and 

-tone6x  =  X*A 

nr  f 


*r  _  \ 

-V  _ 


I  «*^E 


ME2  becones 


-  Vy 

t~*~L  '»-  (9-n) 

• 


-VEy  Xj£  Xy  *t*  — P  \^)  -  VpXy  +  1  S  < 


The  costate  equations  are  the  sane  as  Eq  (4.18).  Tne  transversallty 
conditions  yield 


Implying 


■tons  =  -21 

*  tr 


©t  =  -«■ 

% 


xt-M  *  -£in.? 

x  ▼  V/_  _  V 


V£  ^  VpCosS 


XYC%)=  -rcoss _ 

VE  -  Vp  cos  S 


TR;’ 


S**' 
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Note  that  at  termination,  E  orients  his  velocity  vector  directly 

at  P.  Note  also  that  E  will  close  on  P  at  provided  v£-vpcos'S>o 

i.e.  ccs  s  £  or 

Vp 

S>  C°s  ^  =  S0  .  (9*16) 

VP 

•  o 

Since  A  =  VpXK  And  A  =  -  VpXK  ,  Ps 


terminal  control  is  for  S>S, 
e* 


V  *8"'V  "3"  V  sa"[^^]-^s.(S'1” 

At  Xf  it  he  seen  that  P  is  turning  away  from  E. 

Investigating  P's  singular  control  we  find  the  following: 

A  =  o  =*.  Vqv»  el  =  V.  _  2i_ 

xv.  y 

A  —  o  X^=:  O  «5>  Xx  =  O  and  S  =  0,TT  — ^ 

a 

ois-°  X*rO  .6^  =  0  And  XysXyCtf)  . 

The  last  requirement  of  Eq  (2,16)  requires  XyC'tj)  —  O  . 


For  S  =  o 


^ 


(9.18) 


(9.19) 

Therefore,  a  P  singular  case  only  exists  at  S=0  in  the  uninteresting 
case  where  Vt>V?  and  aJl  of  is  the  UP.  For  the  case  V<Vp ,  no 
E  singular  contro)  exists;  however,  it  will  be  seen  later  that  the 
portion  of  the  y  -axis  inside  the  closed  Barrier  is  a  Dispersal  surface. 


For  S=Tr 
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^o*  so<  s  <^T  (note  as  with  the  Limited  Pursuer  model,  the 
pxoblem  is  symcciric  in  S),  the  costate  solutions  are 

XxCt^=  sin  Cs-t-^Ty  ]VE- Vptoss]  (9.20) 

X^Ct)  =r  -COsCs-4-^£.t)/  [Vg-  VpCOsS]  (9.21) 

and 

SpCT")  =  .  (9.22) 

Since  P  Is  turning  left  at  the  rate  ,  Eq  (9.22)  shows  that  E 

Rp 

is  in  straight  line  notion  in  real  space.  The  state  equation  solution 
is 

VtT)  =■  C-C-*-V/e'r)  Sin  —  I?  C  X-  CosXfg.T^  (9.23) 

RP  Rp 

7Ct)  *  -(^+v6t)  cosCs+v^t)  +  ^psm^.T  (9t24) 
and  A.(t)  is 

A(-T)  —  — 5c - )  -  COSS -*  Cos^S+ Ve.T)^  fo 

Vg-VpCOSSL  v  Ry  J  .  (9-25> 

Note  that  A(t)  initially  goes  negative  off  of  £  and  switching  occurs 
when 

%% •  «.*, 

At  switching  X  (t)  is 

XtT^T=  -  2RP^g  sms  -  epCl--cos2s)  <  O 

i.e.  *(Ti)  is  always  negative.  Switching  in  reality  never  occurs 
since  the  Dispersal  surface  at  x=o,  y  >  o  is  intersected  first. 


y*  * 


't^jSHbsAtOSsdiZiiLm, 
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The  equations  for  the  Barrier  are  sinply  a  specialization  of  the 

equations  for  the  UP  of  £  to  S=  so  =  cos  with  the  tern  V.-V-cosS 
x  vP  e  p 

missing  i.e. 

\TX  Ct)  -  SIO  (9.27) 

\3y  Ct)  =  -Cos(s6+^_t)  (9.28) 

©*<-T)  -  -(S0+iiT)  <9,29> 

Sfp 

A  Ct)  =•  Rp^~  COSS^-t-  cos(  S0+^T)j  (9.30) 

*(T)  =  u -*• v6t)  Sin U0+  -  Rp U- COS^t)  (9>31) 

yCr)  = -(^ver)  cosCso^t)  ^i2psiin^PT  .  (9  32) 


Figure  40:  Linitcd  Evader  Barrier 
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Typical  results  are  shciun  In  Figure  40.  As  can  be  seen, 
the  Barrier  always  exists  for  Mr  <1  and  Is  always  closed.  The 

vP 

closure  dincnslons  of  the  Barrier  are  shown  In  Figures  41  and  42. 

This  finishes  problem  2)  for  the  Limited  Evader  model. 

For  problem  3)  (i.e.  Q> O ,  c>o) ,  the  gtr.cral  purpose 
payoff  is  not  applied  since  E's  control  appears  in  the  Mayer  payoff; 
hovever,  it  is  clear  that  on  E  has  the  capability  to  always  effect 
at  least  a  mutual  kill  if  not  a  kill  of  F. 

A  specific  example  shows  how  the  role  logic  can  dcvclope.  Two 
specific  cases  are  shown  in  Figure  43;  one  with  the  Limited  Pursuer 
Barrier  closed,  the  other  with  the  Limited  Pursuer  Barrier  open. 

As  mentioned  previously,  the  Limited  Evader  Barrier  is  always  closed. 

The  role  logic  for  the condition  is  not  very  interesting 
since  E  can  effect  any  outcome  he  desires.  However,  for  Vfe  c.  Vp  , 
the  role  logic  depends  on  the  parameters  of  the  problem  which  determine 
the  specific  cases  in  Figure  43. 

Assume  that  V,,  »  800'H-  ,  V_  »  720  it  ,  Q ,  »  5c<S  (i.e.  t?,» 

’  sec  set  P  o  K 

“  4000  ft)  and  j)  «  1000  ft.  Se  »  25.84*,  A-  *  .25  and  Figure  7  indicates 

RP 

that  the  Limited  Pursuer  Barrier  is  closed,  i.e.  case  1,  at  «  .315 

Rp 

or  Yc  ”  1260  Figures  41  and  42  indicate  that  the  Limited  Evader 

Barrier  do3es  at  Yc/.-,  —  2.41  (i.e.  y,  •  9640  ft)  with  *_|  «  .70 

p  Rp/max 

(i.e.  •  2800  ft).  Kote  how  the  Barrier  of  the  Limiteo  Evader 

is  much  larger  and  completely  encloses  the  Barrier  of  the  Limited  Pursuer 

and  reflects  E's  superiority  in  an  aggressive  role.  Note  also  that  if 

the  actual  Evader  did  have  the  high  maneuverability  modelled  i,»  the 


n 


l 


-f.  . 
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problem,  how  the  results  of  the  Limited  Pursuer  model  alone  would 
lead  to  an  Incomplete  picture  of  his  capability.  However,  with 
both  analysis,  it  Is  clear  that  E  should  adopt  an  aggressive  policy 
l.e.  kill  opponent,  mutual  kill,  draw.  The  outcome  of  the  combat 
Is  then  largely  dependent  on  the  state  of  the  game  Initially  and  P's 
mission.  If  P  prefers  a  draw  to  a  mutual  kill,  then  outside  the 
larger  Carrier  P  should  do  a  tight  turr  and  use  his  velocity  advantage 
in  line  of  sight  evasion  to  escape.  If  E  is  initially  inside  the 
‘larger  Barrier  (the  larger  Barrier  is  about  a  one  mile  wide  and  two 
miles  in  front  of  P),  it  is  impossible  for  P  to  do  better  than 
possibly  a  mutual  kill.  If  P  decides  to  evade  here,  he  is  hopelessly 

t 

captured.  Finally,  if  P  prefers  a  mutual  kill  to  a  draw,  then  the  mutual 
kill  will  be  the  outcome  regardless  of  E's  initial  position. 

If  P  can  improve  his  velocity  to  open  the  Limited  Pursuer  Barrier, 
the  roll  logic  remains  the  same  except  now  the  cross-hatched  area 
(where  E  has  a  definite  advantage)  is  much  smaller  and  a  chance  for 
a  mutual  kill  is  much  larger  for  P. 

3.  2D  Limited  Pursuer-Evader  Model: 

Because  player  controls  appeared  directly  in  the  general  purpose 
payoff  (i.e.  problem  3)  where  a.»o,bx>C">o) ,  this  problem  was  not 
solved  in  the  previous  two  examples.  The  purpose  here  is  to  simply 
demonstrate  that  the  general  purpose  payoff  can  be  applied  and  that  the 
automatic  role  determination  near  is  structured  inherently  in  the 
payoff  function. 

The  state  equations  are  the  sane  as  Eq  (6.1)  except  that  time. 
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"t  ,  Is  now  Dade  a  stace  variable  whose  differential  equation  is 


t  =  1 


the  characterization  of  ^  is  the  sane  as  Eq  (6.3)  except  for  the  added 


state  variable  l.e. 


The  general  purpose  payoff  is  the  Mayer  form 


j  _  0.4- b 

2 


-  -L-facoss^-f-  b  cosC  s2-SA^j  -+•  eSjeosSj 


MEl  is  the  seme  as  Eq  (6.6)  except 

Ho=  VE|^Xxsine+ Xy COS©]  -  XyVp+  (9>36) 

where  Xj.  is  the  costate  variable  for  the  state  t  . 

The  form  of  the  controls  remains  the  same  as  Eqs  (6.8)  and  (6.10). 

ME2  is  the  same  as  Eq  (6.21)  except  the  1  is  replaced  with  X^  i.e. 

I  Ael  +  ^  i  X©|  +ve^XxS)n©+XYcos©]-Xvvp^X.  =o  (9.37) 

fcrp  ^  . 

The  costate  equations  are  the  same  as  Eq  (6.22)  except  for  the 
added  costate  equation 

X.  -  -  ^  =  O  «=>  X,  =  constant  .  (9.38) 

*  **  * 

The  transversality  conditions  s  ^31^)  _  ^  3ht*(s  I 


j-i  =>  3J  t.(a.-cS3]sms1-^_sio(sz-si)  = 

=  ^[x^V-osSi-  XYC%W'nSi] 
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j=2  =^  3T  =  b  sinCs^-S*)  =  X  CO 


M 


i 


J  =  3  =$>  ^  C  Cosbj_  _,  \(.%\  .  <9-41> 

Substituting  Eq  (6.3)  into  Eq  (6.9)  for  AgC^)  yields 

AetO  =  [xXy-vXx-X©])^  =  [isms*  Xy  -^cosSiXj^-  X0]J^  (9'42) 

Substituting  Eq  (9.40)  for  \.Q  and  Eq  (9.39)  for  Jl  X^(L)co»Sit  into 
Eq  (9.42)  yields 

VO-  -CH-cOsmSi  •  '  (9>A3) 

The  controls  on  ^  are  therefore 

^(if)  =  -  Vy»  AQC£f)  =•  S^LC^-cfcfJ-SlwSt")  (S ,44) 

-S*0t^  -=  s^n  X0Ct^s  ■s^rt[-S«n(s*-S1.VJ»-S^n[smCsi-03 

(9.45) 

If  It  is  assumed  at  termination  that  the  combatents  weight  heavily 
a  good  firing  position  (i.e.  advantageous  )  then  C^/»c^.and 
Eq  (9.44)  becomes 

O'  C-tf)  -  -i>ap  CsmSi]  .  (9.46) 

Figure  44  is  a  aap  of  Eqs  (9.45)  and  (9.46)  for  the  controls  on 
the  UP  of  .  Note  that  Pfs  control?  in  the  UP  of  ^  are  the  same  as  in 
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Results  and  Conclusions 

The  general  purpose  payoff  and  its  use  in  the  role  decision 
logic  of  some  illustrative  models  has  been  demonstrated.  The  work 
is  far  from  complete  and  continued  research  in  this  area  is 
suggested.  What  ever  method  is  used  to  develope  a  role  decision 
logic,  the  Barrier's  under  reversed  role  situations  will  have  an 
important  function  in  that  role  decision  logic. 
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X  Conclusions  and  Recommendations 

The  main  conclusions  of  this  dissertation  are  progressively 
contained  in  the  last  paragraphs  of  the  main  chapters.  A  sunnary 
of  these  conclusions  shovs  the  following: 

1)  "Dynanic  Modelling"  was  most  useful  in  learning  the  Influence 
of  added  parameters  on  the  game  solution  as  the  air-to-air  combat 
model  was  made  more  complex  and  realistic.  Had  the  simpler  models 
not  been  solved  first,  the  solution  of  the  more  complex  models  would 
have  been  much  more  difficult. 

2)  The  differential  game  .Barrier  is  a  tool  that  analytically 
reflects  the  optimal  combat  capability  of  an  aircraft.  The  Barrier 
shape  and  sensitivity  to  aircraft  parameter  changes  is  a  useful  tool 
to  ferret  out  those  aircraft  design  parameters  that  most  affect 
air-to-air  combat  outcome.  Results  of  Barrier  sensitivity  analysis  in 
this  dissertation  show  that  the  ability  to  longitudinally  accelerate 
(i.e.  better  thrust  to  weight  ratio)  yields  the  be3t  improvement  in 
fighter  aircraft  combat  capability.  Since  the  turning  g.  structural 
limits  of  most  fighter  aircraft  are  near  or  exceed  sustained  human 
capability,  this  also  suggests  that  effort  to  enhance  fighter  combat 
capability  might  be  best  spent  in  another  area  -  such  as  thrust  to 
weight  ratio. 

3)  For  design  purposes,  results  of  the  3D  models  in  this 
dissertation  show  that  the  important  design  tradeoffs  are  revealed 


in  the  2D  models 
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4)  Variable  velocity  magnitude  did  not  significantly 
affect  the  Barrier  closure  conditions  of  the  simpler  constant 
velocity  magnitude  models. 

5)  As  demonstrated  in  Chapters  V  and  VII,  differential  game 
results  for  simplified  models  can  he  properly  applied  to  give  useful 
and  meaningful  results  for  real  Air  Force  problems.  The  techniques 

of  Chapters  V  and  VII  represent  the  first  known  practical  applications 
of  differential  game  results  to  a  teal  Air  Force  air-to-air  combat 
problem. 

6)  The  3D  Limited  Pursuer  model  is  the  only  completely 
solved  3D  air-to-air  combat  model  that  includes  a  closed  form  control 
bank  schedule.  This  maneuver  has  been  called  the  "slice  maneuver” 
by  tacticians. 

Baseu  on  the  research  in  this  dissertation,  the  following 
recommendations  are  made: 

1)  The  relative  aircraft  evaluation  of  Chapter  VII  should 

be  designed  into  a  computer  program  whose  output  is  the  nap  of  Figure  32. 
The  Air  Force  Flight  Dynamics  Laboratory  presently  plans  to  do  this. 

2)  The  coordinate  system  used  in  the  3D  Limited  Pursuer-Evader 


I 


j 


model  is  a  physically  appealing  corrdlnate  system  for  characterizing 
approximate  3D  control  laws.  Based  on  the  way  the  singular  surfaces 
of  the  2D  Limited  Pursuer-Evader  model  disappeared  in  the  2D  Linearized 
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Drag  Polar  model,  It  Is  postulated  that  the  'impasse"  encountered 
with  the  singular  controls  in  the  3D  United  Pursuer-Evader  model  will 
not  exist  for  a  3D  Linearized  Drag  Polar  model  using  the  same  3D 
relative  coordinate  system,  lhis  latter  3D  problem  should  be  analyzed 
to  characterize  the  approximate  3D  control  laws. 

3)  The  general  purpose  payoff  for  problem  3,  i.e.  0l>o,  tuo,  c>o 
started  in  Chapter  IX  should  be  examined  in  detail.  When  forward 
solving  differential  gaue  numerical  techniques  are  developed  into 
useful  computer  programs,  the  programs  should  be  capable  of  handling 
the  general  purpose  payoff. 
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Appendix  A 


Analysis  Detail;;  of  the  United  Pursuer  Model 


1«  State  Equation  Formulation  of  2D  Model: 

Refer  to  Figure  3.  He  position  of  E  as  observed  by  P  is  X. 
x=  X1A+Y1,  (a.i: 

The  rotation  rate  of  lv  and  lx  ia 

ii>  o.  epl  =  ill  =.  ,  .. 


Oi-p  =  ^p/ Rp  -  acceleration  of  P  perpendicular  to 
^p«  turning  radius  of  P 


-3.  £  £  -+-1 

The  scalar,  o<  ,  is  P*s  control  i.e.  *  +1 

is  a  hard  turn  to  the  rig  it  and  o<  ■  -1  is  a  hard  turn  to  the 

left.  NrwK^can  be  written 

K  s  *_  -4- *. 

*  E  p 


K  -  K  X'  +01KX. 

e.  *~P  ~  r 


K  i  «  velocity  of  X  as  observed  In  the  rotating  coordinate  frame. 
*r 


mi 
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2.  Froblen  Backward  Solution  Froa  £  for  2D  Model: 

We  begin  by  determining  the  controls  on  .  Eqs  (4.19)  and 
(4.10)  Indicate  that 

*ane*(V)=  -^-1  -  (a.  13) 

so  that 

©*  =  S  .  (A.  14) 

Since  A|^=  Jfc'SIOB.  XyC-t|)-^COSsXxCr^^  .  this 
and  Eq  (4.19)  shows  that 

Al±£=°  *  (A.  15) 

Substituting  Eq  (A. 15),  and  Eq  (4.19)  for  into  Eq  (4.17)  yields 

ME2  on  'Q  as 

yi~+Ta y/s  -  VpXyC'fc^) -*  1  =.  O  _  (A. 16) 

Eqs  (A. 16)  and  (4.19)  show  that 

SM+)  =  — £2^s - 

'  VpCOSb.-V6 

X  (+A  _  sms 

"  '  ^Tols-  V,  <A‘17> 

Note  that  VptosS  -  V£  Is  the  rate  at  which  P  is  closing  on  E 
at  termination. 

•  -  I 

Since  A|  ,  •=.  ©  on  S  ,  we  oust  examine  ~  A  to  determine  c<  I 

k  *  iK-yK  (a. i8) 


f 

S' 
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Substituting  the  state  and  costate  equations  into  Eq  (A. 18)  yields 

^  =  Vp  X*  .  (A.19) 

•* 

Therefore,  an  infinitesinal  distance  away  from  ^  9  at  Is 

•  Sa"C-^^)  =  ^-C-.ns)  .  (A.20) 

The  last  equality  in  Eq  (A.20)  will  be  justified  later  by  shoving  that 
on  the  UP  of  the  closing  rate  '/pC0SS-VE>0.  Note  that  A|ro  for 
S=o  (l.e.  a  direct  tail  chase  termination)  and  the  possibility 
of  a  singular  control  here.  Now  we  examine  the  singular  control 
necessary  conditions. 

First  it  is  necessary  that 

A  =  xXvj.y  Xx  =  o  _  (A. 21) 

Eqs  (4.10)  and  (A. 21)  yield 


"bam  =.  _k_ 


implying  the  closed  form  control  for  E,  while  P  is  possibly  singular, 
is  line  of  sight  evasion.  Now  the  second  necessary  condition  is 


A  =  vpVx  5  O 


implying  that 


Xx=  o 
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Eqs  (A. 22)  and  (A. 21)  show  that, 


X  —  O  and  ©-  ■=  O 


since  X^sO  Is  a  trivial  problem  with  X-o.  The  third  necessary 
condition  is 


A  =•  VpX  =  -  Vp  \v  o(  =  o 


Implying  that 


Is  the  candidate  singular  control  in  o<  .  Since  is  P's  control. 


the  last  necessary  condition  is  Eq  (2.16),  l.e. 

c-o*2~  \  &  1  s  o 

a<*  (_  dt  **  j  3«J  >-  dt  J 

-  .2-  [  -  V  \  ^lio 
£*<  L  Rp  '  j 


or  finally 


2.  o 


Since  o<s=o  ,  Eq  (4.18)  shows  that  X  =  o  inplying  X  -  constant 
vector.  Because  of  Eqs  (A. 24)  and  (A. 17),  the  F  singular  surface  meets 
^  at  S  -  o  and 


X  =.  consiavvt  vectov  -u 
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V 


All  the  necessary  conditions  of  the  singular  control  are  net 
provided  \y  ;o  te.  Vp  2  .  Tlie  singular  surface  in  the  reduced  ]r 

is  sinply  the  -y  “  axis  and  represents  a  non-turning  direct  tail  chase. 

We  now  continue  with  the  backward  solution  and  examine  the  optical 
trajectories  backward  fron  ^  for  S>o (note  s<o  is  symmetric  about y -axis) . 

Solution  of  the  costate  Eq  (4.18)  backward  from  with  the  boundary 
conditions  of  Eq  (A.17)  yields 

x  (r}  =  M 

vptos.S-ve 

Xy(t,  tt.M) 

VpCO'SS  - 


=  tine  backwards  froe  • 

By  Eqs  f4 . 10)  and  (A. 32)  it  is  seen  that 

^Ovn  &B  —  =  "tovn  ^E. 


implying 


©e  (T)  =  S  +  ^E  T 


Since  4®t  =  -d©e*  -^4  and  since  we  know  P  is  turning  into  E  at 
di,  dr  Rr 

the  rate  ^  ,  this  shows  that  in  the  realistic  ]J  ,  E  is  in  straight 
line  motion.  We  now  solve  for  A  to  check  switching  of  o(  from  +1. 

Eqs  (A. 19)  and  (A. 32)  show 

=  -VpX^CTU  <A.3M 

dT  Vp'-oi.S-Ve 


i. 


T 


J 
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Integrating  Eq  (A. 35)  with  the  boundary  condition  of  Eq  (A. 15)  yields 


ACt)  = 


VptosS  -  VE 


.  [toss  -  co-s.(.,S*-*-^£.'T-)"j  (A> 


Eq  (A. 36)  shows  that  A  Initially  goes  negative  (as  suggest  by  -A.J  <©) 
and  then  positive  when 

^£T  =  •aC-TT-'S.)  .  (A.  37) 


( 

f 

E) 


The  angle  2&r-s) can  physically  be  shown  to  be  the  circular  angle 

P  must  turn  through  going  backwards  to  recrcss  E's  straight  line  path. 

As  will  be  shown  later,  the  Barrier  is  closed  for  realistic  system 

parameters  and  the  S>  O  trajectories  intersect  the  Barrier  before 

the  switching  condition  of  Eq  (A. 37). 

If  t.e  examine  the  trajectories  branching  off  the  '/-axis  singular 
* 

surface  for  o(  »  +1,  we  find  the  costate  solutions  have  the 
same  form  as  Eq  (A. 32)  only  with  S 2  0  ,  i.e. 


X^CT.,)  _  Sin  (,-^s) 
Vp-  ve 

X.  Ct5')  ^ 

vp-ve 


T"s  -  backwards  time  off  singular  surface.  Likewise,  A(t^  ) 
is  the  specialization  of  Eq  (A. 35)  to  S=.o  i.e. 

aCt*)  -  i_  cosine  n)l  (A-39> 

Y/  -  W  L  Rr*  -» 


S2.  V. 


^  ^Ki  V 
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Note  that  AO^)  initially  goes  negative  off  the  y  -axis 

singular  surface,  goes  to  zero  when  iiT*  =  27T  hut  does  not  svitch. 

er 

Like  the  S>o  trajectories,  these  trajectories  off  the  portion  of  the 
y  -axis  inside  the  closed  Barrier,  intersect  the  Barrier  and  terninate. 

For  the  5>>0  case,  and  assuning  A  dees  not  switch,  <=<  *«•  +1 
and  -  S+i^T  •  Substituting  these  controls  into  the  state  Eq  (A. 12) 
and  solving  backwards  froo  ^  with  the  boundary  conditions  of  Eq  (A. 3) 
yields 

vCr)  =  (.4.-'/e.'r)sm(_^+~£-T')-+  CpCl-t-OSi^T)  (A. AO) 

t<p  Kp 

■=  (■&  — VaT)  Costl  +  ^LT)  -t-grBin^T  (A.A1) 

P  Ry 

3.  State  Equation  Fornulation  of  3D  Model: 

The  position  of  E  as  o^-served  by  P  is  X. 

&.  =  Kl  +  Vi  fZi.  (A.A2) 

—  -x  v  — j 

The  instantaneous  rotation  rate  of  the  111  axes  svsten  is 

— k.*  — y  1  ~~  i  ;  , 

-  =  ^  COS  4*  ^  *  (A. A3) 

uhere  Oi  (j)  i  7  IT 

O  6  4.  1  .  (A.AA) 

Eq  (A. 7)  applies  in  this  case  with 


j| 


«  ^-P  -  Vf*iy 


IS? 


7- 


'  -  -  s*.*z. «—  '■us"  <•  -  - y,s-Sv* -  -Ws^s-J! >•*';»$ 

-«ra*  oarajwf  ffgtfrrewnaH.-s*.  4 
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—  'i  _ 1  _  X 

J2  -»-  «v}  -+.  in  =.  a. 


ii 

- x  -y  -l 


ibi*K  =  ife.*  s.n4>  o  -cos*  =  (A*A8) 

Kp 

x  y  S 

=  °<  coscl5  ix  -  (_*■  2sm4>)iy  -*-  Y  sm4> 


EP  L' 

then  Eq  (A. 7)  becones 


i-J  -  Lve^  "  1  -f 

*-  SP  (A.i 

+  j>e_  «vi  -  Vp  -t-  ol  {_  KCOs(Ji+  %  Sm4>)]  ly  ■+■ 

Rp 

•*•  [v£  «  -  Vp  o<  Y  si  n  4>  j  1^  . 


25.  |  =  ^ix  +  Yl  +  U; 

IT 

the  state  equations  are 


X  ^’£  -5.  -  y&  =<  y  cos-4 
Sp 

2S.lj_  ■=  y  =  v&iv5  —  Vp  -<-  v£  c*  (_xtos<^>+  ism<j>) 
.  ^  '/6  n  -  J^e.©'.  y  sin<{> 


gW8»Wi 


'  ■*  ••-■*  ’<  5T  >!fV‘^w'  V  *r  <  *  iSps  ^?/ 


r^>iS5~-32r2=53ssjEeisaw»r 
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Appendix  B 

Analysis  Details  of  the  Limited  Pursuer-Evader  Hodel 

1.  State  Equation  Fomulation: 

The  position  of  E  as  observed  by  P  is  .X  . 

-*  =  xi1+yiv 

The  rotation  rate  ofd^andl^is 

to  =  ©pl  =  Sir  i  =  « i 

— — «■*  r  — i  -  -  a  r±-  — 3. 


(B.l) 


Vp  “«  Rp 


(B.2) 


vhere 


£*». 


Oj_p=  vp5/(?p  “  acceleration  of  P  perpendicular  to  1 f.p 

Rp  ■  turning  radius  of  P 


end  -A.  i.  <=i  ±  +  i 

The  scalar,  o<  ,  is  P's  control. 

The  vector  Jt^can  be  written 

JL  =  *  h-  .* 
e  P 


and 


where 


K  ~  X»+  x.  -t-  uJ  x  21 

£  P  V  - p 


(B.3) 

(B.«) 

(B.5) 


1  "  velocity  of  E  as  observed  in  the  rotating  coordinate 


frane. 
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* 

(B.6) 

X  = 

— r 

— p  =  Vpiv 

(B.7) 

v  E  =  V£  Sin  ©  +  V4COS©  iv 

(B.8) 

il  * 

=•  *  lrA+  Y  i  v 

(B.9) 

\ 


then  substituting  Eqs  (B.6),  (B.7),  *B.8),  (B.9)  Into  Eq  (B«5) 
and  solving  for  K  yields 

fx]  f  V-s/n©- 1 

.  .  *r  (b.io) 


r  LyJ  |  vEcos©-vp+  x^£.o< 


From  Figure  18  it  is  seen  that 

©  ■  Evader's  velocity  angle  off  "  ©£-©p 


01  :r  W  -  !£> 
==4  — K  P 


Similar  to  H, »  is 

=  0£1  -5iei 

6  *  V£  *  Re 


Q.  =  •  acceleration  of  E  perpendicular  to  V 

nfe  «  turning  radius  of  E 


203 


DS/MC/73-1 


'^^*1  .  (B.14) 

The  scalar,  fi>  ,  is  E's  control.  Substituting  Eqs  (B.2) 
and  (6.13)  into  Eq  (B.12)  yields 

©  =  S  *  •  (B.15) 

Rp 

The  state  equations  for  this  model  are  therefore 
il  VEtm© 

V  =  VEcos»  -vP+x^°<  (B.16) 

©  a  _  ^  W 

L  J  T5fe  Rp  J 

2.  Froblca  Backward  Solution  From  £ for  2D  Model: 

Equations  for  the  controls  on  the  terminal  surface  ^  are  found 
first.  A  rearrangement  of  Eq  (6.24)  yields 

-tQnS1=  ^xC-fciV  V-V>  •  (B,17) 

Note  that  both  A^J^and  o  ,  so  ME2  at  ^becomes 

V£[  \t\)  SinS2+  Xytt^  tosS^-Xy  C-fcfWp+  1  =©  .  (B.18) 


Substituting  Eq  (B.17)  for  into  Eq  (B.18)  and  solving  Eq  (B.18) 
for  XGjJyields 

7  X  (,+f)  = - £25Si - -  (B.19) 

VptosSj- v^cosC^-Si) 

Eq  (B.19)  substituted  back  into  Eq  (S.17)  yields 


VptosSt-  Veoos(si-Si') 


m 


iint.  lii-wiu  ill  wni***ll*M* 
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Note  that  Vp  CosS^j  - V^cos  C”5*"  is  the  rate  at  vhich  P  is 

closing  on  E  at  termination  on  ^  .  On  the  UP  of  ,  this  term 
will  be  shown  (see  section  on  Barrier)  to  be  positive. 

Since  both  Ae  and  \q  are  aero  on  £  ,  -  A0  and 

—  Xg  must  be  examined  to  determine  the  controls  an  Infinitesimal 
distance  off  ^  .  From  Eq  (6.22)  we  see  that 

-U  =  Ve[\xa^tOSS2_  XyCt^SIOS^  .  (b.21) 

£ 

Substituting  Hqs  (B.19)  and  (8*20)  into  Eq  (B.21)  yields 

(B.22) 

-X  1  _  v£ (.sk:s.,,covsz- coss^sins J  _  -VesmCs^-S!) 

6  VpCosst- VeCosCSj-Sj.)  VptosSj-VgCosC^-s,^  • 

Assuming  that  the  denominator  cf  Eq  (B.22)  is  positive,  as  previously 

Indicated,  the  3* control  on  %  is 

S^[Xe^]  =  t  [Sl^  C^-S j]  (B.23) 

How  from  Eq  (6.9)  we  get 

Ae  =  X^y-4-  X  Xy  -  V  kx  -  y  Nx  r  Xe  (E.24) 

and  substituting  the  state  and  costate  equations  yields 

AG>  =  (B.2S) 


-  M  =  -  - ~-^s,,oSl - 

It  VpcosS1  -  V6  cos  Cvsi  ^ 
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where  Eq  (B.20)  has  been  substituted  for  X^Ctf). 

Therefore 

ofl  »  -^>[Ae (-%)]  =  -  ^[-Ae|J  -  s^Sx)  (B.27) 

where  again  it  has  been  assumed  that  tha  denominator  of  Eq  (B . 26) 
is  positive.  Eqs  (B.23)  and  (B.27)  will  be  used  later  to  determine 
the  controls  on  the  UP  of  ^  . 

To  give  more  insight  ir.to  the  backward  solution,  the  singular 
control  necessary  conditions  are  examined  next.  The  E  singular 
control  conditions  are  examined  first. 


For  E  singular,  it  is  first  necessary  that 


(B.28i 

Also  it  is  necessary  that 

o=  Xe  =  veC  XySin©-  X^cos©) 

(B.29) 

implying  that 

"tavd©  =  h*. 

(B.30) 

It  is  also  necessary  that 

(B.31) 

o.-X^e-  vEj^  XySin©-t-  Xyc<«©e  -  X^tose-t-X^-sine©^ 


Substituting  the  state  and  costate  equations  into  Eq  (B.31)  yields 
OrXe  ^  ^.3[\5m9+X^oS0|  .  (B.32) 

Eq  (B.32)  inplied  that  cither  3=0  or  X^Strve-f-  XyCOS©  -  O 
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*P 


Since  >>e=o  already. 


for  a  finite  tine.  If  the  latter  case  is  true,  then  along  with 
Eq  (E.30)  it  implies  that  X^  =  Xy  =••  O 
the  costate  vector  X  =  g  vhich  is  a  trivial  case.  Therefore, 
the  candidate  singular  E  control,  g>s  ,  is 

&s-o  (B.33) 

implying  chat  E  is  doing  a  non-turning  straight  line  dash. 

The  last  necessary  condition  to  check  is  Eq  (2.16) ,i.e. 


IF?6'] =  t‘1'  = '^r-xK*"®+ Vose3 £ 


(B.34) 
O  . 


o 


Now  Eq  (B.30)  implies 

sirt  e  -  — 


Cos©  ■= 


i  Xy 


(B.35) 


/Xx+Xy*-  </  Xx1  XYX 

The  requirement  of  Eq  (B..’'i)  shows  that  the  plus  (+)  signs  in  Eq  (B.35) 

apply.  The  P  singular  control  conditions  arc  examined  next. 


Tor  P  singular  it  is  first  necessary  that 
Aig  —  K  Xy  -  y  X,  ■.  bo 
Also  it  is  necessary  Chat  (See  Eq  (B.25) 


O  —  (kq  -  VpX^ 


implying  that 


(B.36) 


(B.37) 


(B.33) 


Eq  (B.38)  implies  that  Xy=o  (see  Eq  (6.22)  i.e.  Xy  is  constant. 
Now  it  is  also  necessary  that 


Vpi  =  ~VP>*  Xy  o( 


(B.39) 


implying  either 


Xy  =  o  or  o'  =  O 


Since 


Xy  =  © 


212 


DS/MC/73-1 


.  _  .  -,V*  I  ylV,- 
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Eq  (B.38)  and  Eq  (B.36)  imply  \  =  Q  ,  this  is  a  trivial  case. 
Therefore,  the  candidate  singular  P  control,  ,  is 

<=*<i  -  O  .  (.3.40) 

Again  it  is  seen  that  P  is  non-turning.  The  last  necessary 
condition  to  check  is  Eq  (2.16)  i.e. 

tl)9  h  -  c-^I^LKe]  (B.41) 

implying  -that 

Xy  >  CO  .  (B.42) 

It  is  Interesting  to  note  that  if  P  is  singular  then 

X&=r  xAy  (B.43) 

and 

-  S^nX0=  s^oxXy  =  sgnx  (B.44) 

the  last  equality  coming  from  Eq  (B.42).  Eq  (B.44)  is  a  closed  fora 

control.  If  P  is  singular,  then  as  x  goes  to  zero  Ae  goes  to  zero 

and  E  will  switch  to  his  singular  arc  provided 

0=  Xe  -  VE(  AySine-X^COS©)^  VgXySliOB  (B.45) 

i.e.  as  x  goes  to  zero  E  will  switch  to  his  singular  control  If  ©  =  0  . 

These  two  conditions,  x  =  ©  and  Q-o  ir,piy  a  direct  tail  chase. 

A  direct  tall  chase  therefore  corresponds  to  the  control  case  where 

both  P  and  E  are  singular,  ihe  backward  solution  from  the  DP  of  in 
*  V 

the  case  where  o<*.  o  and  2>  4-  o  is  done  next. 


i 


<^*^^<&g£sy^w .-.-.s^A  -a ^  v'£; lf<-  -.  Py  t*  +  ;. 


A 


i  $ 
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Solution  of  the  first  two  costate  equations  in  Eq  (6.22)  backward 

using  the  boundary  conditions  of  Eqs  (B.19)  and  (B.20)  yield" 

XkCt)  =■  snn  ^T-y [vpCosSi-  v£cosCs2-Sj.)]  (B.46) 

XyCrt  ■=  cos  (Si+oi^r^Vp cos Sj -Vtcos(.Sl-S1)^  (B.47) 

Solution  of  the  &  eqration  backward  in  Eq  (B.16)  using  the  boundary 
conditions  in  Eq  (6.3)  yields 

•  <•■*»> 

Substituting  Eqs  (B.46),  (B.47)  and  (B.48)  into  the  X0  (i.e.  backward 
costate  equation)  in  Eq  (6.22)  yields 

X  Ct)  =  vc-  -S'm  (.Si-Sc.-*-  -EvS*~r  )  (B.49) 

!r>  LVPC°S  -  Ve  COS  (s2-  Si)] 

Solving  Eq  (B.49)  with  the  boundary  condition  of  Eq  (6.23)  yields 
XGCr)  v  gel  6osCSi.-Sa)-  cosCSi-Sf*-^  (B.50) 


6*  LvpC°SS  i  -  v6  CO  s  CSj-  Se>3 

For  o<  Sx-  $ ^  <_  7ryz  Figure  21  shows  that  in  the  UP  +X . 

For  small  T*  Eq  (B.50)  shows  >^(j)>o  and  switches  when  T  equals  "Tg, 


defined  by 


^g'r©  =  2-n-4C.Si.Sj-) 


For  -'n>*CS1-  S£  o  ,  Figure  2J  shows  that  in  tha  UP  S^=  -  1 
For  small  T  Eq  (B.50)  shows  ^e(T)<o  and  switches  when  T  equals  7^, 


defined  by 


-  Tg,  -  -ZTT-zCSi-Sj) 


In  this  latter  case  S^-  Sz  <  O  ,  so  the  switching  cIejs  in 
both  Eq  (B.S1)  and  Eq  (B.52)  can  be  summarized  by 

^-Te  =■  2Tr"  (B-5: 


|7 


£  ^ 
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Eqs  (B.S2)  and  (B.53)  oust  be  applied  In  a  coordinate  system  such 
that  J  S±-Szj  <.  Tr  .  Knowing  that  E  is  In  a  hard  turn,  the  physical 
significance  of  E  switching  (i.e.  Eq  (B.53)  can  be  shown  to  be  that  E 
recrosses  the  terminal  line  of  sight  in  real  space. 

To  examine  P  switching,  Eq  (B.46)  is  first  substituted  into 
Eq  (B.25) 

A  _  '"'psm  C  t) 

AS  =  ^ - •  (B.54) 

[v/pCOS  St  -  VE  COs(SC  s4)3 

Using  the  boundary  condition  of  Eq  ;4.24),  Eq  (B.54)  is  solved 
backward  yielding 

Ae(r)  =  -  gpLcosSx-  cosCSt-t-ot^T)-)  (B.55) 

Ot^l^VpCOS  S4  -  ] 

For  S4.>  O  ,  Figure  21  shows  that  in  the  UP  c*  *-  l 

For  small  T  Eq  (B.55)  shows  AJj >  <  O  and  switches  when  T  equals 
defined  by 


Vf  TU  =  ■2.TT- •2'Si 


For  *  Figure  21  shows  that  in  the  UP  , 

For  small  T  Eq  (B.55)  shows  A )  >o  and  switches  when  T  equals 
defined  by 

-'feTJ,  =  '■27T-2S1  .  (B.57 

In  this  latter  case  o  ,  and  the  switching  times  in  both 
Eq  (fi.56)  and  (B.57)  can  be  summarized  by 

^'T'a  -  27T-  *IS,  |  (B.58 


pi] 
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where  |S ±/  ^  TT  .  Knowing  that  P  is  In  a  hard  turn,  the  physical 

significance  of  P  switching  (i.e.  Eq  (B.58)  can  also  be  shown  to  be 

that  P  recrosses  the  terminal  line  of  sight  in  real  space.  Because 

of  switching,  the  solution  presented  so  far  is  only  valid  up  to 

the  smaller  of  TL  or  T.  .As  in  the  Limited  Pursuer  model, 
e  A 

these  trajectories  will  generally  hit  the  Barrier  prior  to  T~&  or  . 

Eq  (B.48)  is  now  substituted  into  the  X  and  y  state  equations 
of  Eq  (B.16)  and  set  up  for  backward  integration  i.e. 

X  =  -  VE  Sm[Sj  +  (^  =('-  ^  SV]  +  ^  Y  (B.S9) 

y  •=  -  n/e  coi[s2+  v§.  s*)"r}+Vp-oAi.x  .  (b.60) 


Eqs  (B.59)  and  (B.60)  are  solved  simultaneously  with  the  boundaty 
conditions  of  Eq  (6.3)  yielding 

X(.T)  =  c^RpCl-  cosot^r)  +i  ^n(si+o(.VpT)  4-  (b.61) 

P  -4-  [cos  (.S,+Pot*^x)_  COS  ©(.-') 2 

y(.T)^  sin  AT+i  COS(.S1+At)  4-  (B*62) 

_  Be[[s,o(.S;l4-<4^T)-S>r)©(T)] 

where  ©Qr)  is  defined  in  Eq  (B.48)  .  ^ 

3.  C  Trajectory  Analysis 

Solution  of  vTk  and  ay  in  Eq  (6.63)  subject  to  the  boundary 
conditions  of  Eqs  (6.91)  and  (6.92)  yields 

tf-CA)  =  S1y1CSj.-t-ep54.VfT')  =  s.n  CS^^T)  (B*63) 

OAT')  «s  COsC  5j_4-©pS+ Vf  T')  sr  CosCSj.4-  y^_T)  (B,6A) 
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n  > 
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r'_  r-T. 


Note  that  the  T  dependence  of  u"x  and  o"y  is  unaffected  by  E 
switching  on  the  singular  trajectory. 

Solution  of  the  ©  state  equation  subject  to  the  boundary 
condition  of  Eq  (6.94)  yields  (B.66) 

eer')  =  s,+  v  C%- %)r'=  s1+e^-  A 

=  S1+©ps-  ©£(l--©f)T'  . 

®e. 

Solution  of  the  \SQ  equation  subject  to  i5^(o)=o  yields 

tre(x')  =  E;eC  -l-cos^t')  .  <b.67) 

Note  that  for  small  T*  \  0^(.T’)>©  which  agrees  with  Eq  (6.61) 

(i.e.  Q  -S<g"3~0  -  -+-1  >  that  O^tr')  »  o  always, 

o 

Since  7?q  =  —  vpvTt.  and  since  vJ~k(t  )  is  unaffected 

<V» 

by  E  switching  off  the  singular  trajectory,  the  A^(T ) 
solution  remains  unchanged  (i.o.  Eq  (6.76) 

A q(T)  =  -Rp^tosSi- tosC^j+^r) 3  •  (b.68) 

Therefore,  the  switching  condition  for  P  on  the  Barrier  (i.e.  Eq  (6.77) 
remains  unchanged  i.e. 

,  _  (B.69) 

s:±ers-*--rA')=  =  2T r-a|st/ 

/ 

where  is  the  tine  of  V  switching  after  E  switches  from  the 
singular  trajectory. 
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Simultaneous  solution  of  the  X  and  y  state  equations  backward 
for  =  ,  3  =■  +  1  in  terms  e*  arbitrary  constants  "a" 

and  MbM  yields 

T')  =  a*noX£-r'-4.  bcositT'+  l?p-  Eecos  eLY)  (B.70) 

Kp  Ep 

vCr1;  s  -bsini'rrV  acosiier'-+-  k6-sim  ©(.t*)  „  (b.71) 


Applying  the  boundary  conditions  of  Eqs  (6.95)  and  (6.96)  at  T  =  ©  yields 
<X=  Rp-Sl/1  eps  -V  JSp  (^L-  e^)  CO<.  (.Sj+eps)  -  J,  .T  (>*+  Sp*  )  (B.72) 

b-  -  ^ep^sinUi+Spj)  -  P.p cos eps -t-  Ee cos  c SI+  ©p,)  (B.73) 

Substituting  Eqs  (B.72)  and  (B.73)  into  Eqs  (B.70)  and  (B.71)  and 
dividing  by  Gp  yields 

,  (B.74) 

^  =  -ccs(ep5+^)+(^_  ^ep>m(vV^TV 

-t-  ?3  CO'S  C  S  .+  Sex'1'  ^  T' )  +1-  Es  COl  ©C't'  > 
tdp  **  *p  7?p 

(B.75) 

v£tO  -  ( JL  -  to5(.s14-©ps-i' ^ary)+ 

!?p  v  kp  vp  p  er  *p 

—  J?§  sn^  YfT')  Ee  sin©CT') 


4.  State  Equation  Derivation  for  3D  Model: 

Examine  Figure  29  of  the  nain  text.  fi?p  locates  the  coordinate 
systea  of  the  pursuer  vhose  y  axis  is  always  along  the  velocity  vector 
\J  p  .  The  terainal  surface,  ,  is  a  sphere  of  radius,  SI  ,  about  the 
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origin  of  P's  coordinate  systea.  The  vector,  r,  locates  the  evader's 
position  relative  to  P.  The  projection  of  r  onto  the  x-z  plane 
(i.e.  Ti.  )  has  the  angle  ©  relative  to  the  x-axis.  The  acceleration 
vector  of  P  normal  to  ,  i.e.O^,  lines  in  the  X-Z  (or  T (.-*  )  plane 
and  has  the  angle  $  relative  to  the  x-axis  and  the  angle  relative 
to  the  x-axis  i.e. 

$  ■=  ©  •  (B.76) 


P  maneuvers  by  selecting  the  magnitude  of  fl,  ,  which  is  bounded. 

P 

and  the  bank  angle  (or  J . 


Now 


where 


O  £  £  1 


(B.77) 

(B.78) 


and 

W  =  i  )  CB.79) 

where 

O  £  $>  £  2TT  .  (B.80) 

1116  ^6.  orlcntation  and  acceleration,  Qj^ ,  are  derived  next. 

A  counterclockwise  rotation,  ©  ,  about  the  y-axis  locates  the 
axIs  s>'stcn  so  that  vs  lies  In  the  plane.  The  rotation 
rate  of  the  Xl(  Yti  axis  nysten.cj^,  relative  to  the  ^  systea 

and  the  coordinate  systea  transformation  after  the  ©  rotati'-^  are 
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—  'lx.~  -1 

iXi»  cos©  ix-e  sin©  4.^ 

1,  =  -51.10  1  -t-  COS  SI , 

—  21  — sc  — 4 

COe  -  -  &  ±_  ~-&± 


(B.81) 

(B.82) 


<=s  ~  -vi  ~  ~  -i 

Next  a  counterclockwise  rotation  cp  about  the  ^-axis  locates 
the  vector  along  the  y2-  axis.  The  coordinate  system  transformation 
and  total  rotation  rate  of  the  x*  t  ytJ  axes  system,  lo_ , , 

relative  to  the  X .  V7  2  system  are 


-V4'  S>ny  cosipi 

th!ei=  ‘«B1-4,i.-va 


yi 


(B.83) 

(B.84) 


The  k2- plane  is  the  plane  of  E's  acceleration  vector  0_l£  • 

0±B  has  the  angle,  ^  ,  relative  to  the  Xj-  axis.  E  maneuvers  by 

selecting  the  magnitude  of  Cl,  ,  which  is  bounded,  and  the  bank  angle 

e 

Oj  .  Now 


where 


and 


vhcre 


^6 


a  ©  x 


COS^J 

5 


(B.85) 

(B.86) 

(B.C7) 


<5> 

©  £  A.  £  47T 
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Substituting  the  Hqs  (B.81)  and  (B.83)  Into  Hqs  (B.84)  and  (B.87) 
yields 

=  (B.89) 

iii E  =  e>f  ^sioaco-sipcose  j-cosqsiy''t> )  :L  -+■ 

L  °  °  *  (B.90) 

— ly  -(-(.sm'^tos^sin©-  Costco?©)  i2  ^  . 

The  fornal  derivation  of  the  state  equations  Is  done  next. 

The  position  of  E  fron  P  can  be  written 

■  ii+Viv+?ij=  (B.91) 

where 

X.=  -^cos©-  (b.92) 

Eq  (A. 7)  applies  here  so  that 

Clr  -  *-P~  *=  -  (B.93) 

The  vector V^can  be  written 

^e='/eiY2=  Ve(sm^ixl+cos  (B.94) 

where  Eq  (B.83)  has  ocen  used  for  Further  substitution  of 


Eq  (B.81)  into  Eq  (B.94)  yields 


~±B-  ve  Qsivi>|> cos©  lx -<•  cosvf>iy  -i-Sm4>si.i©JL  x  J 

The  vector  VpCan  be  written  ' 

^-Vp3ry  •  (B 


_,<B.95) 


V-  V  iY 

(B.91) 

1  | 

(B.92) 

4 

a 

3  1 

(B.93) 

i  | 
1 1 

$r ? 


y-~~~  ■“'■‘A'*  r®*®2*-* 

^^^^s^^2SsnMffjeass>t%^t*  ''twawsKRu# 


i*i[  .**  s»  /J»-  \''*v  *  f»*-  »£i»  <f&- 
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Substituting  Eq  (B.92)  into  Eq  (B.91)  and  using  Eq  (B.79),  the 
Wsr  tern  becomes 

P  All 

— x  — V  ~  S 

— px  —  ~  04 Sin§>  o  -  eosZ|>  — 

Rp 

vcos©  -y  Xsin© 

=  ^  §  iK  -  ^  -05  C  ©-  §>J  iy  7 Stn§ j  (b.9?) 

Differentiating  Eq  (B.91)  relative  to  the  moving  r,y  {  system  yields 
C!  -  *  1  -t- y  1  =  (i_cos9-x.s.'»o©©)  X  -t- 

f  *  7  r  ““X. 

+  UY  +  ^'5'n9  +  icoss>0)ix  .  (B>9B) 

Substituting  Eqs  (B.9S)  to  (B.98)  into  Eq  (B.93)  and  equating  the 
scalar  components  yields 

X.  =  X.COS@-XSirie©  -  VgSiyVvJjCoS© -^.oly  cos$.  (B-"> 

ys  V&  cos^  -  vp  -t-  vect  x.  co-sC  ®-g>)  (b.ioo* 

*  •  • 

■>=■  ^  7C  SiVJ©  -r  X.COS©©  =  V6sirups<r>©  -  yc_oiy  .  (B.101) 

Rr 

Multiplying  Eq  (B.99)  by  cosg  and  Eq  (B.101)  by  sin©  ,  adding, 
and  simplifying  yields 

i=  VeSiriy  cost©-©)- Vccty  cosC©-^)  .  <B'102) 


(B.102) 


Multiplying  Eq  (B.99)  by  sin©  and  substracting  Eq  (B.101)  multiplied  by 
cos  ©  yields 

-3c©  =  Ve.Sin^s.i^C©-©)  -  j£c<y  <;■«(_©-£>)  .  (B'103) 

fep 


k 
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Since  the  total  rotation  rate  of  the  x,  y,  %t  axes  system, 
UJ_E  ,  equals  the  total  rotation  rate  of  P  (i.e.  )  plus  the 

rotation  rate  of  E  relative  to  P  (i.e.t*^  it  is  seen  that 


to  -=  CO  4-  to 

—  E  — p  —EX 


(8.104) 


Substituting  Eqs  (B.79)  and  (B.90)  into  Eq  (B.104)  yields 
—^c~  -p  =  (^Sin^C05i^COS©-PCOs7)3i>n©)-W^si*i|>ji^+1'J5) 

Sir,x)sir?i^i.^+  (sno^cos<^siv7©-co-sjcose)+  o/Xp  COsg>J 

Equating  scalar  components  in  Eqs  (B.89)  and  (B.105)  yields 
vpSlKl©  •=■  S^S  (^SinXjCOS4-COS©-l-t&S^SIva©^-o7^  Sir>$  (B.106) 

—  ©  ~  S^g  SmiSini),  (B.107) 

-  vcos©  =  S^p  (sin^costfsine-cos^cose^-f-o^cosili  (b.ios) 

Multiplying  Eq  (B.106)  by  sin©  and  substracting  Eq  (B.108) 


(B.107) 


multiplied  by  cos©  yields 


tp  =  3  YE.  toil,  -  ^  ot  Coz  C&-&) 


2,  =  ©-© 


(B.109) 


(B.110) 


Substituting  Eqs  (B.76)  and  (B.110)  into  Eqs  (B.102),  (B.100), 
(B.103)  and  (B.109)  yields 


Td  =  Ve  Sin  y  cos  -  oJ  'is.  y  cos 

Rp 

y  =  Ve  Coscp  -  Vp  -f  oi^E.  V.COS^> 

•*i* 


(Belli) 


(B.112) 
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'f'  -=  &  —  COS'!  -  «i  (.OS  C^- 

£e  c*  E„ 


(B.113) 


(B.114) 


Differentiating  Eq  (B.110)  and  substituting  Era  (B.107)  and  (B.113) 
yields 

(B.115) 

^:=©-©  =  g>^§  sin^stnij.4-  J_|- VESin^sint$  (•  cJ.^z  -y  sin$fj 


Therefore,  the  four  (4)  dicensional  state  vector  *  is 
fv.7 


(B.116) 

and  the  state  equations  are  Eqs  (B.lll),  (B.112),  (B.114)  and  (B.115). 

5.  Problcn  Backward  Solution  Froa  £  for  3D  Model: 

Equations  for  the  controls  on  the  teralnal  surface,  ij  ,  are 
found  first.  Substituting  Eqs  (6.105),  (6.130)  and  (6.131)  into  Eq  (6.111) 
shows  that  0.  furthcraore,  Eqs  (6.131)  and  (6.132)  show  that 

BOfcf)  “  0  and  HfeC-t^)  =  0  .  Therefore  at  or, in  Eq  (6.128) 

becoaes 


- — tn.juLJ 


(B.117) 

O 


Substituting  Eq  (6.130)  for  X^}  into  Eq  (B.117)  yields 


Ve(.+a»iSt'S:in<4)CoS^,-i  <os.if)|t^_vp 

CoS  S  i 


VpCosSq.-Ve  (cosSjCOSif -*-SioS1sin»J>  Cos^  )  ^ 


(B.118) 


Substituting  Eq  (B.118)  back  into  Eq  (6.130)  viclds 


_ _ Sin  Si _ _ _ 1  (! 

Vptos  st_  Ve(_  cosSj  CoSijm-  Sins1sinvj,cos%1')!^  • 


(B.119) 
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Since  A-(4;^)  =  =  ^C^)-° •  Eos  (6.127) 

*  . 

and  (6.121)  chow  that<j>|^  and  ^  are  undefined  i.e.  -2-  .  To 

evaluate  the  2  in  -a?)  ,  Eqs  (6.121)  are  first  rearranged  by  dividing 

o  d't, 

r  i  * 

Xvj-CX^  into  the  nuaerator  and  denoainator  of  cos  ^  (sin  ^  ) 


yielding 


COS-X*  =  St^  V  ,  sml*  =  S^CX^  s.r>^ 

5  y  i+cxvxv^"tv 

Therefore,  an  infinitesimal  tine  avay  froa  ^  the  ^controls 


(B.120) 


CosJt+fW  -*3^1*1 


S^rH.^)  i  sm-ltif)  ^  ^  -v.  y 

t(  ■/&(,%) -*-V  t- 


(B.121) 


I  tW>  X^  _  —  VF.  ^X-  •SIV7V|^  SIH  ^1 _ 

X  -VE  (_Xy-iir)v^>_  X^cosy  cos'^,} 


(B.122) 


Xfc. 

“xT 


tQ^Si  s\v)yf»  s in 


Sin  cosv|/cos^  J  Sm\p  -  -travi51  Co-s^  co^  ^  | 

Xy  '-ty  ^ 


where  Eqs  (6,129)  and  (6.130)  have  been  used.  Since 


sobstcXo'ti.nd 


o  i 

-  S^n  (B.123) 


225 


v^J^>,^*J*^?^X-^T«A-f  •#■?».  »yf*i*.^£p^"k.»..«.y, »,  Vrt*f1^5ifV*  r*»W  „’*?  ^  »-  *  .AS-tvkVi.- 


DS/MC/73-1 


Eq  (6.129)  Into  Eq  (B.123)  yields 
5g.n[.Co5^*Ct^]  =  s^.nf-Vj.CXYSitiy- Xxtosi^cos^)]tp  = 

=  -SCyn^XyUy)]  s^(_sifl|-  ^C.  ccrsy  cos  <2, )  |^-= 

=  -s^£XyC-t^]  s^n  Csinvf- 4-aviS! co9^<os^)|^  (e.124) 

Where  Eq  (6.130)  has  again  been  used.  Substituting  Eq  (B.122) 
into  Eq  (6.117)  yields 

•hrooV-fy)  ^  ■iMnStiioyShfi^, _ I  _,  (B.125) 

°  Snny  -  4-anSi cosij> 005*2,  I  ^ 

_  Si'n  St  -^Gyivp  s'\yi  %  [ 

"taviy>  —  +ovi  %cos%.  1^ 

and  substituting  Eq  (B.118)  into  Eq  (B.124)  yields 

^[co^Ci4)]  = 

__  -  se\n  (.<-pss1.')  sg^  C  Simp-  •fayis1cos^.cos5,) 

■S<^n  [_VpCos3j  —  Ve(_CoSSi  Cosip  +  SinSjSmy  tos^;)j  (B.126) 
Eq  (B.12S)  and  (B.126)  vill  be  used  later  to  deternine 

Note  that  for  'r-Grjro,  Eqs  (B.12S)  and  (B.126)  bccoase 
4ovr\*(tr)  =o 

O  (B.127) 

,  -  sa.n  0^-31)] 

^  ^  S^n  [  VpCOS  sx  -  vfc Co S  Lf  - ^tVJ 


-^w»was <*JSSW£ 


■P 
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which  give  exactly  the  sane  result  as  in  the  2D  Limited  Pursuer- 
Evader  model. 

r  .. 

To  evaluate  the  %  in  Etl  (6-123)  is  written  as 

•ton?  -  B.  _  -  Xy  Sly  % _  =  ~  s"°!a  (B.126) 

A  xXy_yXx_K  OS'S,”  -  -  cos?  ‘ 

Since  Xj  I  is  givu  by  Eq  (B.122),  only  -£.X.y-.y  Xx  1 

Aq/  « ^ 

need  be  determined  for  Eq  (B.128).  And  since  -X  Xy— y  _  o  . 

o 


it  too  muat  be  evaluated  by  l!Uopii&l*  rule  i.e. 

-fcXy-yXy.  I  _  j?  Cx-Xy-Y  Xx  ) _  (B.129) 

tf  Wj 

xol^vr  c  *-Xy  +  X.Xy  -  y  Xx-  V  Xx)  = 

-  ^eX^cos y - Xy cos. % 3  ~  '‘'pXx  )  ^  (B.130) 

where  the  backward  state  and  costate  equations  have  been  substituted 
and  evaluated  at  -fc^  .  Multiplying  Eq  (B.130)  by 
using  Eq  (6.130)  yields 


and 


(B.131) 


A  txXy-yXjjj^-  Xy[vE  t't3ns1co5y-'Sin^cos^)- Vp-torts^jJ  . 

V  / 

O 

Since  XtpCi^)  can  be  written, 

XuXtj;)  =■  -  XyV6  tsi'O^J-4ovsS1CosyCOS^3|  (B.132) 

*1 
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then  substituting  Eqs  (B.131)  and  (B.132)  into  Eq  (B.129)  yields 


W-yXit  I  _  sinv|ico^ig)-vp-i:0y,S',  j  (B. 

-vs  [swif  -  ton  tosipcos  ^3  <i 

stituting  .  .  -  -  — 

* 

•ton$(tj)= 


Substituting  Eq  (B.133),  (B.122)  and  (6.105)  into  Eq  (B.128)  yields 

*  cots ,^sr* _  .s^  ' 


1  Sunu>-4poS^  toscp  cos 


C  ton  Sx  cas^j  -  S"Q y  ca^ta  ) -Vai nrt&  _  cosfe 

-Ve  (_siny_  +nns1cozy  cos.  %  ) 

Simplifying  Eq  (B.134)  yields 


(B.134) 


t, 


(B.135) 


(B.136) 


■tovo  $&)»  CQSy<  Cos  Snofe  j  _ 

cos<f 

From  Eq  (6.127)  it  is  uccn  that 

S$n[cos  =  -Sgn  AC^e  -  SgnjAUy  v^V  1  Cy°s^]l 
>  . 

.  (B.137) 

Substituting  Eq  (B.132)  into  Eq  (B.137)  and  then  substituting  Eq  (B.137) 
and  (B.131)  into  Eq  (B.136)  yields 


Also 


CCos  ?  tt{)]  -  -  s^n^\[v&^O^s1cosy-sir7ycos^)-Vpt)nSi^+ 

^  ] 

•+  V6X^  tsiriY'^Q^SiCosvpcos^)  cos^j 


(B.138) 
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Simplifying  Eq  (B.138)  yields 
S 


(3.139) 


|^co5$  O y)  C'tjnSjJ  zap (J{Z  _  cost|>snn,?;)|  ^ . 

Substituting  Eq  (B.118)  for  X^)inco  Eq  (B.139)  yields 


(B.140) 


S&vl  Cosysm1^) _ I 

"-r .  -  ~  ¥1 


5^n  [^ptOSS^  -  V|=  O^S^cos ys  +  S inSj^m ip  cos^^j  | 
Eqs  (B.135)  and  (B.140)  vill  be  used  later  to  determine  • 


Note  that  for  &(-M  =  o  .  Eqs  (B.135)  and  (B.140)  reduce  to 

-taw  $*1(4  =  0  (B.141) 


(cos $*0:4)  =  C 

S^”CV«5%-Ve 


vecos(.y-s4]|^ 
which  give  exactly  the  same  result  as  the  2D  Limited  Pursuer-Evader 
model. 

To  give  more  insight  into  the  backward  solution,  the  singular 
control  necessary  conditions  are  examined  next.  The  E  singular  control 
conditions  are  examined  first.  For  a  singular  control  in  Q  ,  it  is 
necessary  that 

^ X>j;Cos^  =  o  .  (B.142) 

Substituting  Eq  (6.121)  into  Eq  (B.142)  yields 

*  r*  t~ 

^vji  *f  SiO  y  —  O  . 


(B.1A3) 


Eq  (B.143)  implies  that  both 


-  O 


sm\J>  r:  O 


(B.J44) 
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Eq  (B.144)  has  two  possible  cases:  1)  ''y  -  ^ 

A^fO  and  *>ir)y)xo  .  In  case  1),  Eqs  (6.111),  (6.112)  and  (6.127)  show 
that  P*s  controls  are  * 


of  «  -» 

sm£  =  © 

AJ  * 


(B.145) 

tos<)>  =■  -  s^n  A  =  -  S^n(.x.X-y- 7  X*) 

which  are  Che  sane  as  the  P  controls  for  the  E  singular  case  of  the 


2D  Limited  Pursuer-Evader  model.  Now,  since  A^,=  -  o  ,  this 


Implies  that  Xy  =  >^sO.  Eq  (6.129)  shows  therefore  that  both 


>-vrXo  =  o 


=.  X^smysm  3,  =  o 


X3,=o 


=  X^Siny-  Xj,  COSTCO S 5,  =  c 


(B.146) 

(B.147) 


are  also  necessary  for  g  to  be  singular.  Now  Eq  (B.146)  implies  three 
further  possibilities  for  case  1):  a)  o  ,  b)  sin^  =  o  , 

c)  sin  %  =  o 

In  case  la),  Eq  (B.147)  shows  that  XySinifi  equals  zero  (  Y^-O 
yields  the  trivial  case  of  Y=o  )  from  which  it  is  concluded 

Sinvji=o  .  (B.148) 

Now  since  X^Sin^ro,  this  implies  that  >  y  r  y  c  O 
Therefore,  Eq  (6.129)  shows  that 


O  =. 


X^-c 


f ?r 


Xy  COS4> 


(B.149) 


from  which  it  is  concluded  (  \y  ^  o  since  this  will  be  the  trivial 


case  of  X  =o  )  that 


oi.  =  © 


(B.150) 


v.\  ^  »  -<v.  '  '  -  -  * 

v„  «  . -  ~»»-«K>Tfca|»t»~«fe  uwwwflift.  p 


•»***'«* 


-  -  ■r-rx*T*r-' 
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Eq  (B .114)  shows  that 


o  =  uj  =  S  _*L  COS  -a. 
'«<=o  5 

from  which  it  is  concluded  that 


(B.151) 


i  p 

*  M 

nl 


i 


Therefore,  case  la)  shows  the  following  Ajj  -  A^,  -  sirtif)  =  <=>^r  g~c> 
Case  la)  is  therefore  the  totally  singular  tall  chase  condition  of 
the  2D  Linited  Pursuer-Evader  model. 

Turning  to  case  lb)  it  is  seen  that  sin  ^  »  0  (i.e.  COStjy  ■= 

i  1  )  and  Eq  (3.147)  implies 


Xu/  =  i  Xj,  cos  £, 

X^ts  o 
o 

In  this  case  cither  Av  =  © 


(B.152) 


or  cos  ^  -  o  .  The  fomer 


once  again  to  case  la).  If  5iny=ccc^=o,  then  —  o 


From  Eqs  (B.114)  and  (B.115)  then 


V  =  S>^  cos  a  -o<^£.  =  o 

T?t  o>  s?„ 


(B.153) 


*  ®<  ^  _Y.  sin4>  =  o 


(B.154) 


S\»nq>=iO 


and  it  is  concluded  for  case  lb)  that  c*  =  Q  -  O 

Therefore,  this  latter  case  i.c.  Xk)/=  =  smij/=  CoS ■*  *  ofz  g  =  o  , 

is  also  implying  the  non-turning  totally  singular  tail  chase  of  the 


2D  Limited  Pursuer-Evader  model. 
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Going  to  case  lc)  with  Xyn^rg m^=o»  the  present  state  and 
costate  equations  become  the  sane  as  the  E  singular  case  of  the 
2D  Linited  Pursuer-Evader  model. 

It  can  therefore  be  seen  that  the  £,  singular  conditions  of  case 
1)  are  sinply  those  already  found  in  the  2D  Limited  Pursuer-Evader 


P- 


Examining  case  2)  with  A^oSnrnjiroit  is  seen  that  A^.  c  y  =  o 


Therefore,  Eq  (B.114)  shows  that 


0«  u»  —  <?  vb  cos-l  _  oj  cos  C  %,-$>) 


and  Eq  (6.129)  shows  that 


(B.155) 


(B.156) 


o*»  \-j  -  Vecosy(  sm^  -  \vcos%  -,g  snip 

It  appears  that  the  only  possible  way  to  satisfy  Eq  (B.155)  is  when 
<*  —8>=0  •  This  is  partially  substantiated  when  it  is  realized 
that  'Z  and  A,  are  really  undefined  for  snu p».  If  Q  =  o  ,  then  Eq  (B.15( 
shows  that 


"tom  *3  =  X-  ^  >c 


(B.157) 


But  since ^  is  undefined  then  tan^  oust  be  of  the  torn  £?-  implying  \  = 

O  x 

X_  “  0.  Much  of  this  in  case  2)  is  very  subjective,  but  once  again  is 
Implying  the  totally  singular  tail  chase  situation. 

In  summary  then,  it  appears  that  the  singular  control  conditions 
for Q,  arc  simply  those  already  found  in  the  2D  Limited  Pursuer-Evader 
model.  The  singular  control  conditions  for  P  are  examined  next. 
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For  a  singular  control  in  c*  ,  it  is  necessary  that 

Acos4>"1'  S  ■Slrt4>  “  °  (B.158 

Substituting  Eq  (6.127)  into  Eq  (B.158)  yields 

-  B1  =o  (B.159, 

implying  that  both 

Or  A  SXXy-V^x‘^tCoi^  (B.160) 

°  =  TJ  5  .3L  X^  _  XySl r>  % 

Defining^  V®.  the  requirements  of  Eqs  (B.160)  can  also  be  written  as 

A*  fcXY-vX^-AyCos^o  (b.161) 

fi>  =  y  •snr)%(  -  o 

Since  A  =  B=o,  it  is  also  necessary  that  A  r  _  o  . 


(B.161) 


Differentiating  B'  yields 


(B.162) 


^  Y  ^3.  -  C. *- Xy  )sna  ^  -  ?c Xy  cos^  2;  —  o  | 

Substituting  the  state  and  costate  operations  into  Eq  (B.162)  and  1 

simplifying  the  resulting  expression  with  Eq  (B.161)  yields  | 

./  r  I 

B  =  t>in^CiS>r?^co^-YCO^^sirt4.')+  5 


“vp+  =0 

xr 


(B.163) 


Differentiating  A  yields 


•  *  * 

A=  i^y+xXy-y  x^-y  XyCo<.S,+  -  o. 


: 


ss^i^^i’^missms^^^^ &&&»«. 


-4| 


s 

>-'l 

;l 

f'i 

vi 

f't 
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Substituting  the  state  and  costate  equations  into  Eq  (B.16A)  and 
simplifying  the  resulting  expression  with  Eq  (B.161)  yields 

A  —  Xa[-«(isin^+  sin^Ccos^cos^-t-Xsnnvp-)-! 

^  KP  ®6  0  (B.165) 

-f  Vp  f  - ^ - - - Co't  *2,  )  —  ^E;  ibL  cosysnrt^l  =  O. 

r  v  X^si/19.  '  X...  T  J 


Eqs  (B.163)  and  (B.165)  both  indicate  that 

%  fm 

=0  '! 

is  another  necessary  condition  for  a  singular  control  in  e*<  . 

Since  A^,  =  o ,  it  is  also  necessary  that 

0=Xsl  =  vE^>.Stn>f<Sllrt^'  ? 

With  A^=o,  Eq  (B.160)  shows  that  XySnfiJ  equals  zero  which  yields 
two  possibilities:  1)  Ay=0  or  2)  Sim  *2,  =  C> 

Case  1)  is  examined  first. 


(5.166) 


(B.167) 


In  case  1)  Ay  -  0  also  implies  Ay  ;r  o  i.e. 
o_  Ay|^  =.  ve  C  AySiny— A-x.cosi^ cos^  )  . 


(B.168) 


From  Eq  (B.167)  vithAy*o,  there  are  three  distinct  possibilities 
for  case  1):  ajA^m  ,  b)smy-o,  c)  sin®,  ■  0  . 


In  case  la),  Eq  (B.168)  implies 


!  AjCO  iS 


Sin  Y  =  O 

the  trivial  case  of  X  =  o 


(B.169) 

Eq  (B.169)  further 


implies  that  Yroi.c. 


=  S^tosX-^^f  CO-s^-?)  . 


(B.170) 
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A  sunnary  of  case  la)  shows  A«B  =  X^  =  Xy,  =  Xy  -  Sin  i|i  =  o 
Since  Eqs  (6.121)  and  (6.127)  show  that  ^  and  are  undefined 
under  the  conditions  of  case  la),<*and3  nust  be  zero  to  satisfy 
Eq  (B.170).  Note  once  again  that  this  is  the  totally  singular  tall 
chase  situation  of  the  2D  Limited  Pursuer-Evader  nodel. 

In  case  lb)  (i.e.  sivuyn©  ,  cost|>-=il),  Eq  (B.168)  shows 
that  ±  Xy  COS%  equals  zero  inplying  either  X  y  =  o 
or  Co'S  *2,  =  C  .  If  Xj.rO  ,  the  present  case  is  the  sane  as  case  la 
(i.e.  A=B-=X^=  X,|,w  Stv>Y=  Xy=oek)»  If  cos^rOjthiS  implies  2  = 


^  I  =  -  ©  (B.X71) 

which  also  implies  of=-c>  .  Since  ipcoalso,  Eq  (B.170)  implies  £-  o 

A  summary  of  this  latter  case  shows  Ar=B=  X^«  Xy  =  swlY  =  Cas^-ro2rSio 

which  is  also  indicating  the  totally  singular  tail  chase  condition. 

Incase  lc)  (i.e.  A=B«ljic\|j,cSin^tO),  it  can  be  seen 

*  •  _  « 

that  with  Xt^nSm^eO  (i.e.  Bto  )  £  (Eq  (6.121))  and  $> 

(Eq  (6.127))  become 


Sin  -i  -  o 


>2,  -  *$"  xr 


Sin  <£>  =.  o  ,  cosq>  =  -  s^r>  A 


(B.172) 


(B.173) 


I  $ 
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As  such,  the  X,  y  and  state  equations  reduce  to  the  state  equations 
for  the  2D  Limited  Pursuer-Evader  model.  The  ^  state  equation  is 
identically  zero.  Likewise  the  costate  equations , X^and  X ^  reduce 
Co  the  costate  equations  for  the  2D  Linited  Pursuer-Evader  model. 

The  X,j  costate  equation  is  also  identically  zero.  Case  lc)  is 
therefore  the  same  as  the  2D  model.  In  particular,  since  A  =  =  O  , 

it  is  seen  that  case  lc) ,  as  well  as  cases  la)  and  lb),  corresponds  to 
the  totally  singular  tail  chase  of  the  2D  Limited  Pursuer-Evader  model. 

Examining  case  2)  (i.e.  A-B-  X2  =  swi^=o)  it  is  again  seen, 
as  with  case  lc) ,  that  the  3D  model  reduces  identically  to  the  2D 
Limited  Pursuer-Evader  model.  As  such,  the  °<  singular  conditions  for 
case  2)  are  the  same  as  theo<  singular  conditions  for  the  2D  Linited 
Pursuer-Evader  model. 

In  summary  then,  it  is  seen  that  the  of  singular  control  conditions, 
as  it  was  found  with  the  g,  singular  control  conditions,  are  simply  those 
already  found  in  the  2D  Limited  Pursuer-Evader  model.  This  concludes 
the  singular  control  necessary  conditions. 
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